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Tliis-fefoiij-covei’S  the  develdpaeht  aad  practical  application 
of  test  procedures  *to  determine  the  geometrical  quality  of  conrpar* 
ators  for  itaage  coordinate  measurement.  The  procedures  are  founded 
Upon  grid  coordinate  measurements  under  operational  conditions. 

First  the  basic  principles  for  the  determination  of  the  accuracy  of 
the  measurements  have  been  treated  under  different  assui^tions  con* 
ceming  the  number  and  the  positions  of  the  test  points.  The 
principles  cf  the  method  of  least  squares  have  been  applied  through¬ 
out^  for  the  determination  of  regular  (systematic)  errors  of  the 
measured  data  as  veil  as  for  the  estimation  of  a  statistical  value 
of  the  irregular  errors  and  for  the  error  propagation  in  functions 
of  the  basic  obser^tic^. 

The  derivations  have  been  made  for  grids>  the  given  coordinates 
of  ^ich  can  be  regarded  to  be  errorless  and  for  grids  vhere  certain 
regular  errors  are  assumed  to  be  present  in  the  given  coordinates . 

In  the  raftef'Tnme  nu  absolute  oeale  oaa  be  determinod  and-^tfie~biSlC 
Baidiit'triual.qunlltar^tB  ia- pjim!i'pTg~tKe 'pggeision . 

,jn  -series”  of~^^ra«ticaL-appll cations  the  theoretical  deri* 
vations  have  been  used  for  testing  a  number  of  comparators  of 
different  types.  Also  Some  deteiminations  of  absolute  scales  have 
been  perfonned.  The  loves t  standard  ezror  of  unit  veight  found  in 
a  cooparator  is  of  the  order  of  magnitude  1  micron.  Normal 
distribution  teste  of  the  residvials  have  been  performed  throughout.  _ 

•Pi-cai  Studies  of  the  residuals  fyaHESerl^egular  errors-may^  be 
deteetedjand  detemined. 
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DETERMINATION  OF  THE  GEOMETRICAL  QUALITY  OF  GOgARATORS 
FOR  IMAGE  COORDINATE  MEASUREMENTS 


I.  INTRODUCTION 

Ccmpuntoxw  for  ima^  coordinate  measurementB  are  of  tasic 
i^ortanee  for  all  pbotogramnietnc  aetlvll^.  Such  inatrijiDents  are 
uaedj  for  matanee,  in  basic  meaauxements  for  eonera  calibration 
and  for  tests  of  the  basic  geanetMcal  quality  of  ]^otographs  for 
measuring  purj^es.  For  the  calibration  and  test  of  vaxious  tji^s 
of  photogrammetrlc  plotting  instruments,  glass  grids  are  of  basic 
importance.  The  coordinates  of  the  intersections  of  the  grid  lines 
have  to  be  deteztained  by  measurements  in  Cco|parators.  Further, 
analytical  photogrambetry  is  founded  upon  measxirements  of  image 
coordiiiates  in  coBqparators.  stereocamparators  can  be  regarded  as 
a  set  of  teo,  sometimes  three,  individual  comparators  there  the 
settings  can  be  made  stereoscc^ically  and  there  parallaxes  (image 
Coordinate  differences)  sometimes  are  directly  measured,  in 
addition  to  the  image  coordinates  of  the  individual  photographs. 

For  these  and  other  purposes,  the  quality  of  the  measurements  in 
the  Cca^parator  is  of  basic  importance.  It  is  necessary  to  deter¬ 
mine  and  express  l^s  faaiil^  in  a  tell -defined  and  easily  under¬ 
stood  manner.  In  connection  vlth  the  delivery  of  a  comparator, 
it  is  also  necessary  to  Chech  the  real  quality  of  the  instrument 
in  order  to  find  out  if  the  specifications  ^ch  tore  agreed  v^on 
in  the  order  contract  axe  fulfilled.  During  praetieal  toric,  it  is 
also  necessary  to  check  the  quality  of  the  comparator  to  decide  if 
adjushnents  have  to  be  undertaken  and  to  find  out  If  the  instrument 
UDXks  vlth  the  necessary  reliability. 

First,  it  is  of  interest  to  define  the  geometrical  qualii^  of  a 
measuring  instrument.  The  accuracy  is  to  be  distinguished  from 
the  precision.  Accinracy  has  to  be  determined  from  a  comparison 
betveen  measured  data  Sdsd  the  corresponding  given  or  know  vadues 
of  considerably  higher  reliabill'^  i^aa  the  measured  tota.  irom 
the  comparison,  systematic  or  regular  errors  are  first  to  be 
determined;  i.  e.,  such  erroxs  iMcdi  foUpv  a  certadn  vell« 
defined  lav  concerning  their  direction  and  magnitude.  The  residual 
accidental  or  Irxegilar  errors,  iddch  in  principle,  do  not  follov 
any  definable  lav  but  appear  according  to  chuiee  only,are  asswed 
to  be  distributed  according  to  the  normal  :^queney  function 
concerning  ^e  relation  betveen  the  magnitude  and  the  freipency. 
Such  errors,  consequ^tly,  define  the  viltlmate  accuracy  ud  have 
to  be  estimated  in  a  clear  and  vell«defined  manmer.  !^e  most 
effective  estimation  is  performed  vlth  the  aid  of  the  method  of 
least  squares  as  the  standsaed  error  ^  unit  veiAt»  The  accural 
of  an  instnment  Shouid,  '^^sfpfe,  te  apiesPMlth  te^  of 
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£«gular  exT^re  aM  the  staMaxd  exifor  of  uMt  It  is  also 

Of  value  to  Shov  the  dlstj^butloa  of  the  residual  individual  errors 
or  discrepancies  and  to  test  the  noxmal  distnhutlon  to  he  es^ctedi 

In  this  connection,  it  is  also  appropriate  to  define  the  concept 
precision  vhich  frequently  IS  used  in  literature^  lere>  precision 
refers  to  the  comparison  hetueen  replicated  or  repeated  measure^ 
ments  or  ohservatiohs  of  unhnovn  quantities^  The  precision  is 
usually  detesnined  from  the  deviations  hetveen  the  average  of  a 
set  of  measurements  and  the  measurements  themselves  and  is  ex¬ 
pressed  as  standard  deviation  of  ^le  measurement  and  of  the  average  ^ 
Since  a  comparator  is  to  he  used  primarily  for  the  measurements  of 
image  coordinates  in  a  plane  (x'  and  y^),  the  precisipn  of  the  instru> 
ment  must  refer  to  the  repeatahility  in  settings  of  ^e  coordinates 
of  one  or  more  points  ihilc  the  accinfacy  refers  to  the  abilily  with 
uhich  the  instrument  can  determine  the  absolute  coordinates  of  a 
grid  of  high  and  imown  quality  (accuracy)  .  The  grid  coordinates 
must,  houever,  have  been  determined  vith  another  instrument  and 
cannot,  therefore,  al\«,ys  be  regarded  to  be  coopletely  errorless 
themselves,  ^is  \d.ll,  of  course,  complicate  the  determination  Of 
the  accuracy  of  the  ccmparator  to  a  certain  extent  as  vm  be 
treated  below.  Vith  respect  to  these  circumstances,  the  detexmin* 
ation  of  the  gecmetrleai  quality  will  be  performed  under  two  dif¬ 
ferent  conditions  Concerning  the  quality  of  the  given  grid  coor¬ 
dinates. 

n.  GQiERAL  HUNCmES  OF  THE  lETElMDIATiaN  OF  THE  ACCURACY, 

ASSU^CmG  GRID  COORDXNAiTBS  BE  ERRORllSS 

The  cooparator  is  assumed  to  be  of  high  qu8d.ity  concerning  the 
mechaiiical  and  optical  parts.  This  means  that  the  systematic 
errors  are  conpemtively  small  and  that  the  irregular  or  random 
errors  are  still  smaller  and  at  least  approsdmately  normally  dis*<- 
tributed.  This  means,  for  instance,  that  gross  "Junps"  in  the 
rollers,  rods,  or  ball  bearings  are  not  to  be  esqpected  and, 
further,  that  the  optical  system  is  well  manufactured  and  adjusted. 
The  scales  and  reading  devices  must  c^so  be  of  uniformly  hi^ 
quality,  'Hithout  gross  Irregularities* 

The  regular  errors  of  the  Instrunent  that  are  to  be  es^ected  are 
scale  differences  in  the  tup  coordinate  directions)  absolute  scale 
errors;  and  of  orthogonality  between  the  axes,  If  a  grid  is 
inserted  into  the  plate  holder  of  the  comparator  and  the  coor¬ 
dinates  of  the  grid  are  measured,  the  lacking  adjustment  of  the 
position  of  l^e  grid  can  also  be  re^rded  as  regular  errors  of  the 
measured  coordinates,  ^e  position  of  the  g^d  is  defined  by 
three  elements— two  translations  and  one  rotation  of  the  grid. 

For  the  treatment  of  the  accuracy  of  the  qomparator,  the  following 
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paxaaetefs  are,  therefore,  regaarded  to  cause  regular  or  systeinatic 
errors  of  the  measured  grLd  eoordiBates: 


2  traralatlons  of  the  grid:  da^  sad  dy^ 

1  rotation  of  the  grid:  da 

1  additional  rotation  of  one  of  the  axes  of  the  comparator:  d$ 

2  scale  errors  of  the  coemarator:  dm~  dm,.. 

*  y 

These  factors  seem  to  be  of  primary  interest  but  evidently 
more  sources  of  regular  erroxs  can  be  asstmed  and  taken  into  account. 
Next  j  the  differential  relation  between  the  six  mentioned  sources  of 
regular  errors  and  the  errors  of  the  measured  coordinates  will  be 
derived,  see  Fig.  1.  , 

y  y 


1,  Coordinate  transformation  between  the  sjnstQsys  x  ,  y  and 
X,  y  using  the  parameters  x^,  y^,  the  scale  ratios 

m  =  x:x^  and  mL.  =  y:y^,  the  angles  or  and 
X  ^ 

Coordinate  directions  according  to  the  Mann  comparator. 


(1) 

(2) 


From  Figi  the  following  relations  are  directly  derived: 

X  =  +  x^ra^cosof  *  y  V.sia(a  +  g) 

y 

y  =  y^  +  x'a^iinor  +  y%yeoe(a  +  f ) 

®yre»ugh  differentiation,  we  find; 

dx  a  dx  +  x*Gosada„  -  x^m^sinody  -  y  ^8in(a+0)djny  » 

“  yV  008(0+$)  (dy+dg) 

w 

<iy  =  dy^  +  x'sinadm^  +  x^n^Goaodo  +  y'Go8(o+$)diny  * 

^y sin(af+$)  (do+d$) 

y 


For  the  approximative  values;  »  1,  By  «  1,  o  «  0,  and 
$  »  0,  the  differential  formulas  heGome: 

dx  =  dXjj  +  xdm^  *  y(do  +  dg)  (5) 

dy  =  dy  +  yda  +  xdo  (6) 

{5  y 

Ihese  formulas  contain  differentials  of  the  six  parameters, 
three  of  'v^ch  (dXpj  dy©.  and  do)  affect  the  adjustment  of  the 
grid  in  the  contparator  while  the  dm^,  day,  and  d$  in  the  case 

of  cprrect  grid  coordinates  affect  the  comparator.  If  the  contparator 
itself  can  he  regarded  as  free  from  errors,  these  three  paranieters 
can  then  he  referred  to  the  gild.  As  will  he  discussed  and  treated 
below,  these  parameters  can  he  referred  to  both  the  instrument  aoi 
the  grid  the  prohlem  of  distiziguishing  'be'bween  them  win  he 
treated  in  detail. 

If  an  errorless  grid  is  measured  in  a  comparator,  at  least 
three  points  must  he  used  for  the  deterolnation  of  the  six  para^ 
neters  since  each  point  consists  of  two  coordinates.  Certain 
conditions  esd^st  for  the  solution  of  the  six  e^mtions  of  the  "^rpe 
(5)  a^  (6)  ^ch  means  that  there  are  conditio  for  the  locations 
of  the  points.  For  the  solution  of  the  six  equations,  the  diSf^ 
crepaacies  dx  and  dy  of  the  expressions  (5)  and  (6)  are 
as  errors;  i,  e.? 

^  "  ^measiaed*  *given 
^  ^measured’^  ^given 


j£  tbe  diffexentialB  of  e^fesBlonB  (5)  ai^  (6)  are  regarded  as 
gffpors  of  the  parameters,  the  expressions  are  denoted  error  equations^ 
^e  co^ctions  are  reversed  m  si^  and  can  be  detezmineS  direobly 
fraa  xne  solved  errors  by  changing  the  signs.  ^Is  change 
already  he  ineiuded  in  l^e  eigpresslons  (5)  and  (6)  ,  and  ‘^ey  are  th^ 
denoted  correction  etuations.  For  cleamess,  it  is  suitable  to 
change  the  si^  on  the  nght  side  of  the  expressions  (5)  and  (6). 

If  rneasitrements  have  been  made  m  more  than  the  three  necessary 
points,  there  are  redundant  obsermticns  available  and  no  unique 
solution  can  be  obtained  from  different  sets  of  three  points,  m 
such  a  casCj  the  ^:^od  of  least  squares  is  l^e  most  convenient  y&y 
to  treat  the  problem  of  determiz^ing  unique  values  of  the  errors  or 
Corrections  of  l&e  pcurameters.  The  observed  discrepancies  dx  and  dy 
are  corrected  vith  small  quantities  v^  and  v^,  and  the  yerhijag 

c<^recticin  equations  are  obtained  from  (5)  and  (6)  as  follows: 

V  =  -dx  -  3dm  +  y(dty  +d3)  -  dx  (9) 

X  O  A 


V  =  -dy^  -  ydmy  »  3cdcr  -  ^ 


(10) 


dx  and  dy  asre  defined  according  to  ex^tresSirais  (7)  and  (3)  above. 
From  the  Working  correction  equations,  the  normal  equations  are 
derived  and  solved.  The  corrections  to  the'^'laiiSetSre  are  then 
obtained  as  direct  functions  of  the  measured  discrepancies  add  xinder 
the  conditions  that  the  Sum  of  the  Squares  [v^^v  ]  +  [VyV  ]  becoBies 
a  minimum.  From  the  solutions  of  the  normal  eq&tionsf also  the 
expression  for  this  square  am  and  the  weight  and  correlation 
numbers  are  obtained.  Beslduals  after  the  adjuslanent  can  be  com* 
puted  from  the  original  working  correction  equations  (9)  and  (10) 
after  substituting  the  solved  corrections.  All  functions  of  '^e 
adjiisted  quantities  can  be  treated  concernlrg  corrections,  and  %e 
accuracy  of  these  corrections  can  edso  be  ^termined  from  the  laws 
of  error  propagation.  The  complete  theory  of  errors  for  the 
results  of  the  actual  measurements  can,  in  other  wocds^  be  treated 
and  the  resultant  aecvnacy  can  be  expressed  in  terms  of  standard 


errors  and  as  functions  of  the  basic  standard  exnror  of  unit  welf^t. 
Which  can  be  detexmined  from  the  sum  of  the  squaxrei  [wj  s  [v^v  ]  + 
+  [■'^y^y]  according  to  the  formula 


X  X- 


ydere  n  is  the  nvmber  of  points  used  in  the  adjus’bBent  procedure. 
I^e  standimd  error  of  the  stapdard  error  of  unit  weii^t  is  found 


from  the  expression 
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confidence  liniits  t&s  ^e  standazd  error  of  unilj  weight  and 
f^  any  funeti^  can  be  detexained  from  the  proeeduzes  aho^  in 
ma^^matical  statistics  ^ 

Practical  a]^ications  of  these  pj^Lnciples  viH  be  d^aona 
strated  below. 

1^  Measurements  in  fhr^  Points*  In  this  case,  no  ad> 
justment  is  required  since  no  '^imdant  measurements  are  available. 
In  particular  for  a  demonstratioin  of  the  error  propagation  pro- 
cediire,  a  complete  treatBient  of  this  case  will  be  made.  !&e  three 
points  are  assumed  to  be  located  as  ^owe  in  Fig.  2. 


The  coordinates  of  the  three  points  are; 


Point  X  y 

"W"  a  0 

^  -a  0 


43  0  a 

(13) 

The  correction  equations  are  frcai  (3)  and  (6): 

dx  =  xdm^  +  y(dQr+dg) 

(14) 

dy  =  •^yQ»  ydm  «  xSa 

(15) 

Applied  to  the  three  points  (13)  and  the  corresponding  discrepancies 
the  eaqpressions  (l4)  and  (l?)  becone: 
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dx  B  aiuam 

34  X 

^34  “ 


The  sdlutioti  of  this  System  IS; 


AcGox^lng  to  their  defixiitioiui,  the  weight  and  correlatioD  nimbers 
Me: 
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In  this  case^  no  deteziaination  of  the  standitsrd  e:^r  of  unit  vei^t 
ean  be  made  since  no  redundeuit  obseihratlons  are  available.  For  the 
e^^r  propagation j  the  basic  standard  error  of  unit  nei^tj  there« 
fore,  must  be  obtained  from  other  ej^riiients  \diere  redundant 
measurements  are  available. 


From  the  eaqsressions  (14)  and  (15)  >  corrections  can  be  com¬ 
puted  to  arbitrary  points  in  tihich  measurements  vere  made  simulta- 
neously  ^th  the  measurements  in  points  32,  34,  and  43. 


accura^  of  these  corrections  can  be  determined  from  am 
application  of  the  general  lav  &£  error  prcrpagation  to  the  ex¬ 
pressions  (14)  aiid  (13)  •  i&e  vei^t  numbers  of  the  corfeetions  are: 


%xdx  "  ^ 

o  o 


$ 
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Ihe  veight  number  of  a  coaraected  coordinate  is  found  after  addition 
Of  the  Veight  number  of  the  measurement  of  the  coordinate  in  ^estion. 
This  vel^t  number  IS  assixmed  to  be  1;  the  veij^t  nunber  of  a 
corrected  coordinate  can,  therefore,  after  substitution  of  the  veight 
and  Correlation  numbers  (23),  be  expressed  as: 

1  .  -  I 


2a^ 


— ? 

aa^ 


2a‘= 


2a‘^ 


.Z 
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The  standard  errors  of  the  corrected  coordinates  are  then  found  from: 


s  s  8 

X  O 


8  s  S 

y  0 


B  is  the  standazd  error  of  unit  veight  of  the  coordinate 

'O  “  .  “  "  -  - 

measurements.  The  distribution  of  the  standard  errors  can  be  found 
from  a  gra|Meal  plotting  of  (26)  and  (29) .  For  sis^city,  the 
Sp  is  chos^  s  1. 


First,  it  is  suitable  to  detendne  characteristic  ppints  as, 
for  instanee}  possible  laxLiBa  emd  miaisa.  From  differentiation 
of  the  erprisslans  (26)  and  (2?),  ve  find: 


8 


M  _ 

a 

J. 

2 

a 

3_ 

Since  the  second  deilvatives  axe  positive,  tbexe  is  a  mlniisiiii 
for  the  point: 

X  m  0,  y  =  ^ 

Similarly,  a  minimum  point  is  found  for  y,  having  the  same  location^ 
standard  error  at  this  point  is  1.15>  m  Fig^  3,  a  graphical 
plotting  of  the  expressions  (28)  and  (29)  is  shotm»  From  such  a 
plot,  the  root  mean  square  value  of  the  errors  vlthin  a  certain 
area  can  be  detexmined  by  estimation.  It  iS  also  possible  to  make 
Such  a  determination  of  the  root  mean  square  values  of  the  theorem 
ticai  errors  by  mathematical  means.  If,  for  instance,  the  root 
mean  squaxe  value  of  the  standard  errors  of  x  or  y  is  to  be  deter-* 
mined  vlthin  the  area 

•*a  k  X  $  -t-a 


Hence 


<8 

X  y 


In  a  practical  esqperlment,  this  value  can  be  coi^>ared  vith  a  root 
mean  squiure  value  of  the  computed  Uscrc^pancies.  The  agreement 
i^ould  not  be  eaq;>eeted  to  be  exact  but  ^ould  be  Judged  vith  respect 
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tc  the  Gcmfldence  Ijj^ts  of  the  theoa^tieiilly  deteicmihed  value « 
Ejcai^ies  of  the  detexMeatioii  of  sueh  eoefldence  limits  vill  he  given 
heiow. 


The  wrkliig  correction  equations  are  applied  to  each  of  the  points^ 
and  the  coefflelents  of  ^e  differentials  are  tabulated  as  Shovn 
in  Table  I. 


Table  I.  Working  Correct  ion  Equations  -  -| 

■ 

X 

Q 

% 

13 

ISi 

d3 

dx 

dy 

H 

34 

-*-a 

0 

-1 

0 

^a 

0 

0 

il 

32 

^a 

0 

-1 

0 

-=-a 

0 

0 

0 

-dx^ 

0 

1 

43 

23 

0 

0 

+a 

•^a 

-1 

^1 

0 

0 

G 

0 

0 

0 

+a 

^a 

’t^a 

-a 

0 

0 

34 

+a 

0 

0 

wl 

0 

0 

^a 

0 

0 

32 

^a 

0 

0 

*1 

0 

0 

+a 

0 

0 

1 

43 

23 

0 

Q 

+a 

0 

0 

*1 

^1 

0 

0 

’•-a 

0 

0 

0 

0 

0 

0 

•*'4 
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flae  nozmal 

+ 

+ 


■+ 


efuatlGdas  axa  fonned  in  the  vuEhi^  aM  hecome: 
=  0 
=  0 

-  dx  )  =  0 
32 

»  dy  )  =  0 
■3  ^23^ 

+  a(dx  » 

23  43 

)  =  0 


3i^ 


,  +  dy^,  ^  dy  )  =  0 

3  34  32 


The  s6luti<^  of  these  equations  axe: 

dx 
-6 


dyo 


dm  = 
X 


dsy  s 


dor  s 


dx  -  dx  , 
32  34 

. 2a . 

dy  -  d,y, 
83  -  ■« 

2a 

^32 '^34 

. at' 


^3  •  *‘23  *  ^Tl,  •  ^ 


K_ 


2a 


(33) 


The  vel^t  and  correiatian  numbeze  axe; 


9x  X 


Wo 


Wbc"  Vbr^y 


as 

1 

Sb 


2a‘ 


(34) 
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staodud  error  of  tine  staodaxd  ema  is,  aGcoxdiiog  to  (12) , 


sg^^o.^s^  (37) 

The  reliahility  of  the  staadaxd  error  of  vmit  lei^t  is,  eonSegjUShtiy, 

rather  lov  due  to  the  low  nuaher  of  redundant  observations  (8  -  6  s  2) . 

eonfidence  liMts  of  s  are; 

o 

for  the  five  per  cent  level  1.0S.<  s  <  12.6Sn 

for  the  one  per  cent  level  0,9Sg<  s^  <  ^•BSg  (38) 

The  eonf  idence  limits  of  individiukl  residuals  after  the  adjust* 
ment  axe: 

for  the  five  per  cent  level  t  4.3s 

for  the  one  per  cent  level  •  9.9s  (39) 


Consequently,  rather  lar^  deviations  of  the  standeurd  error  of  unit 
weight  from  the  usual  (true)  value  must  be  accepted  and  also  ratter 
laril^  residiials  after  corrections. 

From  the  working  correction  equations  (9)  and  (10),  the 
standard  errors  of  the  residiials  can  be  determined.  After  application 
of  the  genersa  lav  of  error  propagation  and  using  the  weight  and 
correlation  numbers  (34),  the  wei^t  numbers  of  corrected  cpor* 
dinates  are  found  as  foUowB: 
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l^eee  e^^ssioi^  arc  symsetfiGal  ax^uod  the  coordinate  origin, 
vhich  is  to  he  ejected  due  to  the  symmetrical  positic^  of  the 
points  i  A  graphical  plotting  of  the  e^^ression  (41)  is  shorn  in 
Fig.  3*  root  mean  square  value  of  the  Standard  errors  ^thin  a 
certain  area  can  he  determined  frcn  Figi  5  fii^  hhe  nimierical 
procedine.  For  the  area  ^  x  the  root  mean  square  value  is 
found  as  foUovB: 


2  x»+a  yr+®  2  2 

^  (42) 

B*  4a  2a*^ 

J  i 

xs-a  y=-a 

After  the  integration,  ve  find: 

^-258.  (*^3) 

8X  sy  O 

The  coe^utations  of  the  adjustments  are  considerably  facilitated  if 
suitable  forms  are  used(See  forms  l  and  2,  Appendix). 


assume 
in  Fig. 


For  the  tieatz^t  of  a  set  of  Mae  poiats.  Me  use  these:  13> 
i5>  31,  3$,  35>  3^i  33 f  sod  55.  “Hie  procedure  for  the  adjustiB^t 
Is  siMlar  to  i^e  procedure  for  four  points  shom  in  section  M2i 
The  uorkixig  correction  equations  (9)  and  (io)  are  allied  to  each 
of  -^e  nine  points,  ^e  results  are  shown  in  fable  li. 


i^bie 

ii.  workin 

g  Correction  £q 

uations  for  Nine  points 

Point 

X 

y 

^0 

dOy 

dof 

d$  1  dx 

dy 

""x 

n 

^aa 

..aa 

• 

aa 

-aa 

-as 

— 

A 

13 

0 

«2a 

»1 

- 

»aa 

-aa 

HiXn 

* 

15 

H^aa 

^aa 

-1 

* 

*aa 

- 

-aa 

-aa 

■^5 

31 

-2a 

0 

*1 

- 

2a. 

- 

A 

- 

m 

33 

0 

0 

*1 

• 

A 

-dx„ 

- 

35 

+aa 

0 

-1 

* 

»aa 

- 

A 

- 

* 

51 

..aa 

+aa 

#1 

•» 

2a 

2a 

aa 

53 

0 

+281 

-1 

.  & 

aa 

aa 

- 

55 

+aa 

+aa 

*1 

-aa 

aa 

aa 

“^5 

* 

11 

-aa 

^aa 

-  m 

*1 

2a 

aa 

J 

13 

0 

^aa 

~ 

*1 

- 

2a 

- 

- 

-dy^ 

15 

+aa 

-1 

- 

2a 

- 

- 

31 

..aa 

0 

- 

*1 

- 

- 

aa 

- 

- 

33 

0 

0 

# 

- 

- 

- 

- 

-dyg 

35 

+2& 

0 

*1 

- 

- 

kaa 

- 

- 

^35 

^51 

51 

^2a 

+2a 

-i 

1  ^ 

-aa 

2a 

- 

* 

53 

55 

0 

‘t^aa 

+aa 

+2a 

- 

-1 

-1 

. 

- 

-aa 

-aa 

*2a 

- 

9 

-ayj. 

The  normal  equations  become: 

9dx  +  [dx]  =  0 
o 

9ay  +  [^]  -  0 

P  ~ 

aha-dm^f  *  2^91=  0 

24a^  2aR92  ^  0 
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It8a^da  +  2l»a%  +  2MI93  =  0 

+  2aN94  =  0  (44) 


symbols  N9I  through  H94  axe  defined  as  foiloVS: 


S91 

=  ^- 

4-  dx 

35 

-4*53^ 

♦^5 

m 

N92 

"  ^21 

■%3 

•  ^15 

4-  (iy5^ 

♦^53 

""^55 

(h6) 

N93 

=  + 

^5‘ 

■^3- 

■  d*55  -  dyjj  H 

- 

dy31  » 

dyjs  • 

^51 

■^55 

(^^T) 

H94 

a^3  + 

^5‘ 

^1  * 

•*^3- 

■  dx 

“55 

(48) 

Hie  solutions  of  the  norBal  eguations  are: 


The  weight  amd  correlstiaa  numbers  are: 
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Die  eonfldeaGe  liaitB  afe  for  the  steuadard  error  of  unit  wei^t: 

for  the  five  per  cent  level  0*9Sq  -  ^.Os^ 

for  the  one  per  cent  level  0.8s„  *•  3 *28  (5^) 

o  o 

Die  confidenGe  limits  are  for  individual  residuals  after  the  ad* 
justioent  and  eoirreGtlon: 

for  the  five  per  Gent  level  2*^ 

for  the  One  per  oent  level  +  3.1s  (55) 


Die  weight  numbers  of  Gorreeted  Goordinates  8u?e  found  froni  the 
applieation  of  the  general  law  of  error  propagatiaa  to  the  working 
Gorrection  equations  (9)  and  (10) ,  using  the  weight  and  corTelation 
numbers  (50) «  After  Gooqiutations,  we  find: 


Sex  ■  %y 


(56) 


Die  Gorresponding  standard 


(57) 


Diis  expression  is  graphically  shown  in  Fig.  7  for  Sq  =  1. 

Thp  root  square  value  of  tbe  standard  errors  within 
the  area  Ua  +  W  is  found  from  the  eiqpression 


2  x=+2e  y^^  2a 


2  2  ® 
M  ~  =  M,-  = 


l6a‘^ 


S 


(56) 


x=.!2a  y=«2a 

After  integration^  we  find 

M_  -  M  =  l.ls_ 


(59) 


'X  ^ 

For  the  practical  computations,  see  forms  1  and  3  (Appendix) 


Figure  7.  itt.stri'butlon  of  standard  errors  of  cozreoted  eoordijaates; 
eorreotlons  deterBlQed  frcn  nine  points;  Sq  - 
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inaixi  purpose  of  the  foilowlog  detemlnation  is  to  find  the 
stsiidard  emcoTB  of  the  residuals  In  the  actual  points  for  a  godib 
pazlson  vith  the  actual  residuals  we  use  the  vorMng  correction 
etuations  and  suhstitute  in  these  the  expressions  for  the  cor¬ 
rections  from  the  adjusisn.ent  and  the  coordinate  discrepancies 
before  the  adius'lixent.  After  rather  conprehensive  coj^tations 
(tdiich  are  not  given  in  detail  here),  the  foiiot^ng  expressions  axe 
found: 

=  fg  ♦  saxj^j  +  243^5  ♦  *  aastjj  .  h-  - 

(60) 


*  ^3  ■  ‘^55> 


u 


+  2dx^  +  2dxc^.  +  2dx-  ^  -  dx„ 
31  33  35  51 


<1x55) 


(61) 


18 


13 


-  dx«  +  Scbc  +  ,  _ 

31  33  35 


'31  i8 


1.^51  -  tojj  .  aa*jj) 


-  dx 

15 


+  2ax  *  dx  +  ^  + 

33  35  51 


*a>*53*V 
VX33  .  I  (4*^^  *  4»,3  ^ 


'  “*33  *  *'35  *  "*51  * 


+  dx  +  dx__) 


53 


55' 


m 


V  =  i 
*35  18 


*  ®^3  *  “*15  •  «*3l  *  “*35  '  ^“*35  ’  "51  * 


+  2dx__  +  5dx  ) 
53  ^55 


V  -  1 

^*51  18 


»  4dx  +  5dx  +  2dx  -  dx  -  10^„  + 
15  31  33  35  51 


+  +  ^55) 
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Si  *  *  ^5  ^  ^  ^5  ♦  * 


-  I3dbc^2  +  5dx^^) 

m 

^  h  ("^11  "  %3  +  ^5  -  ^  ^ 

33  ,  SdJijj  »  eax^^  * 

,  5^53  .  10^53) 

m) 

Next,  the  veight  numhexa  of  the  residuals  can  he  c^^uted  as  the  square 
Sums  Of  the  Goefficients  of  the  measured  data.  From  the  expressions 
(60)  through  (68)  ^  ve  find  the  wel^t  numbers  and  standard  exrors 
as  Shovn  in  Fig.  8. 

5^1 :  i  %  •  is 

9  “18 

8  =  0.75  8  8  =  0.85  8 

0  0 

9 

S  =  0.75  8 

0 

31  • 
Q  - 


il 

18 


8  =  0.85  8 

O 


9 

8  =  0.9*^  8jj 


35 


M 

18 

0,85  Bq 


U  • 


8  =  0.75  8 

Q 


13 


Q  ^ 


13 

18' 


8  =  OA 


5 

9 

0,75  8 

P 


Flgvore  3.  Weight  nimhers  8i4  staodepl  errprs  of  the  residuelB  in 
the  Moe  points  after  adjvustment. 
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4.  Measuremeats  35  PojAte  agd  M.lustantent.  Mote  oOser- 
‘^^IsiOns  are  desired  in  order  to  Increase  the  reliability  of  the 
determination  of  the  'basic  accuracy  (the  standard  errors  of  unit 
uei^t)  of  the  coordinate  measux^rn^ts  in  the  cooqparator.  The 
reiiahiiity  of  the  standard  error  of  unit  uei^t  can  be  es^ressed 
by  the  standard  error  of  the  standard  error  of  unit  uei^t  thich 


tdiere  r  is  the  number  of  redundant  measurements » 
for  measurements  in  four  points,  lie  have  r  =  3  and  eoinse<pientiy 
04 

for  nine  points  r  =  13  and  s^  =  o.Ms  . 

*09  “ 

for  35  points  r  =  44  and  s  =  OoHS  . 

Bo25  ® 

for  further  increase  in  the  number  of  points,  the  decrease  of  the 
standard  error  of  the  standard  error  of  unit  wei^t  'beccaies  rather 
small  and  does  not  JviStify  the  increased  amount  of  vork  and  time 
eonsun^ion  for  the  measurements  a@d  computations.  Iteder  noxnal 
elreumstanees,  therefore,  measurements  in  35  points  can  'be  regarded 
as  a  maidmum. 

The  procedure  for  the  treataMS^  of  the  measured  data  and  for  the 
discrepancies  is  very  similar  to  idiat  has  been  applied  to  nine  points 
above  and  vlU  not  be  repeated  in  detail  here. 

itfber  'the  uorking  correction  equations  are  tabulated  according 
to  expressions  (9)  and  (10)  the  coordinates  of  fig.  6  axe  used  for 
the  35  points,  the  normal  equations  become  as  f^ous: 

35dx^  +  [dx]  =  0 

25^0  +  C^]  ^  0 
50a^4to  *  aN351  =  0 

X 

50a^dm  +  air353  =  0 
y 

lOOa^da  +  50a%  +  ail353  -  0 

50a^da  +  50a%  +  a«354  =  0  (70) 


33 


The  sdiutien  Ist 


The  ^rmbols  are  defined  as  follova; 


1 


(71) 

ia251^+N252^»fii253-W2^1^+ 

50 


(73) 

W 


n252  = 

2dy  . 
12 

‘®^13' 

■^14' 

'  ^15  •  H 

L  •'^8! 

* 

-Hs' 

%2  ^  ^43  ^44  + 

Hs" 

^51* 

♦  ^58 

♦  a^-. 
53 

+  aiaf-, 
54 

.^55 

m 

H253  = 

^Hs" 

aS3^4» 

+  dx 

15  21 

^Ha 

'■'“as* 

"'^24  ■* 

Hs- 

Hi*' 

Ha  •  Hs  ■  'H4  *  Hs"  ^ 

Hi* 

-  ^ 

-  Matjj 

•2^54 

•  2^ 

55 

»  2dy  .  *  dy, 

H  ] 

ta  *  '^14  * 

.  aayy 

i  *  *  ^82 

♦  ^^84  ■ 

H  2dy2^  -  2dy, 

51  ^<^3 

J2  ^ 

♦^34* 

*  2dy, 
^4l 

.  Ha 

#44  +  ^45 

«•  ady, 

it 

jl  -  #52  ^ 

^55 

(77) 

H25^^  =  2ax^  +  2dx^^  +  26x^^  +  2dx^^  +  +  dx^  +  dx^  ♦  dX^^  + 

"  ^84  ♦  %?  -  *%l  ‘  'Hz  *  ^3  -  %,  -  Hs  •  ^1  * 

■  ®^52  *  ®H3  *  ^  "■  “*55 


^  “  \eaaui«3^F;iTen'  ^  “  ^tdeasund  "3^gtw&. 

The  eooafldence  limits  of  s^  sare 
for  five  per  cent  level 
for  one  per  cent  level  O.Ss  ^  1.4b 

13be  confidence  liadts  of  individual  xesidiials  axe 
for  five  per  cent  level  +  2,0b 

for  one  per  cent  level  +  2.7s  (8o) 

The  eeij^t  nimftiers  of  corrected  coradisateB  axe 

"  •  ^  50»8  (8l) 
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dlstzlMtidn  of  the  staadaM  ew^ra  within  the  ax«a  »2a.<3ic<*2BL, 
Is  shown  in  Fig^  9*  root  mean  Square  value  of  the 
Standard  errors  over  the  surface  4a  x  Ua  is  about  l.o6  s^.  fhe 
eorrespooding  mlue  for  the  nine-point  solution  was  found  to  be 


lii  No  appreciable  increase  of  the  accuracy  is,  consequently, 
to  be  expected  from  the  ^5-point  solution  ^  this  respect  and  in 
conqMszlson  with  the  nine-point  solution ^  Therefore,  it  seetns  suf¬ 
ficient  in  aost  cases  to  use  the  nine-point  solution ^  Only  the 
reliability  of  the  standard  error  of  vinit  weight  becones  increased 
through  the  25-point  solution,  in  some  ca8es>  this  fact  is  of 
ce. 


Figure  9.  PistrlbutioQ  of  standard  errors  of  corrected  coordinates 
corrections  determined  from  25  points. 


For  the  practical 
1  and  4  (Appendix). 


coaputatioas  of  the  adjustnmt,  see  f^ans 


Ill,  ammAL  frincxh^s  of  tbe  mjmTMm  £^0013^^ 

AgsmcCNG  IK  THE  CO»#MA3?OB  im 


The  alisuniptlaa  made  uiider  Sectioa  II  tiiat  the  g^d  eddzdlna.tes 
cam  he  re^ixded  as  erforiess^  of  couise,  means  a  certain  a|qpro3d>e 
mation^  No  p'id  Cdofdlnates  can  he  regarded  to  he  con^letely  free 
from  eiTorB  since  they  also  have  to  he  measured  in  a  con^eo^tori  ^ 
generali  therefore  ^  the  test  procedure  of  a  coc^e^tor  should  also 
take  Into  account  i^e  fact  that  the  grid  coordinates  may  he  fleeted 
with  errors  4  Since  these  errors  onglnally  arose  from  the  measure* 
ments  m  another  coaitaratorj  they  can  he  asstmied  to  he  of  the  same 
general  charaeter  as  the  errors  of  the  coiqparatca^  to  he  investl* 
gated. 


gross  errors^  the  ei^rs  to  he  treated  are  of  regular 
Irregular  (random,  accidental)  charaeter.  As  above, 
distinction  is  made  between  the  regular  errors  of  the  measured 
coordinates  caused  by  the  adjustment  of  the  grid  in  the  plate  holder 
of  the  co(^>aratori  l.e.,  two  trenslatiGoos  dx.  and  dy^  and  one  rotation 
of  the  grid  in  Its  plane  dcr,  and  regular  errors  caused  by  dlf* 
ferent  scales  m  the  x  and  y  directions  and  lack  of  orthogonalil^ 
between  the  axes,  dn^,  dm  ,  and  d$  respectively.  Ihe  regular  errors 


and  dor  are  of  less  importance  for  the  accuracy  of  the 


comparator  or  the  grid  since  they  can  he  made  very  small  through 
careful  uork  and,  moreover,  can  he  easily  determined.  The  scale 
errors  and  lack  of  orthogcooality  have  to  he  expected  In  the  grid  as 
well  as  In  the  comparator  and  must  he  distinguished.  In  the  ad* 
Justment  procedures  as  treated  in  Section  II,  a  distinction  between 
the  errors  of  the  grid  and  of  the  comparator  eannpt  he  made.  The 
eorrectlons  obtained  as  well  as  the  standard  errors  of  unit  weight 
were  referred  only  to  the  comparator  hut  will,  of  co\arSe,  always 
centain  the  errors  of  the  grid  as  well. 


It  is  possible,  however,  as  will  he  shown  in  “^s  section,  to 
distinguish  between  the  regular  errors  dm^,  dsiy.,  and  dg  of  the 

coiQ>arator  and  of  tae  grid  If  the  grid  is  measured  in  different 
positions.  method  of  least  sfuares  will  he  applied  for  the 
distinction  between  the  actual  errors  and  for  an  estimatlGn  of 
irregular  ezrors  as  standard  error  of  xnilt  weight. 


The  regular  errors  of  the  g^d  and 
»  dByg/  and  dgg  and  and 


are  denoted 
Qie 
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gxld  is  aSSimed  to  be  ineasuSed  in  four  p^itionS  (l,  H,  and  |V} 
and  to  be  rotated  in  its  ^ane  througb  Ibo^  (centigindes)  cloeip^se 
between  tbe  different  positions ^  Fur^r,  gnd  is  observed  in 
tw  iAyS>  up  and  dowa>  ''tJ*'  and  "I)'\  In  U,  tbe  ^d  l^es  are  on 
the  Side  of  the  glass  tOMaxd  the  operator,  in  l^e  operator  vievs 
the  gnd  lines  through  the  glass  ^  A  change  of  focussing  of 
the  optical  systsaa  from  the  location  u  is  necessaj^.  tlsider  u  and  D> 
four  positions  (I  -  iv)  are  assimied  and  the  foiiovdyag  combinations 
are  to  be  regarded:  m,  uil>  uHi,  ami  tfiV  as  vaU  as  Dl>  Dll> 
and  Div. 

First,  the  differential  fonnulas  viH  be  derived  for  the  differ¬ 
ent  combinations  and  then  general  adjustments  aecording  to  the  method 
of  least  scpjares  uill  be  made. 

5.  Grid 

a.  Position  ui.  ^e  position  m  vnen  the  grid  point 
notations  and  positions  agree  with  Fig.  6  is  used  as  a  starting 
position,  in  particular,  the  influences  upon  the  grid  coordinates 
of  the  regular  errors  da^,  ^yg>  end  do^  refer  to  this  position. 

In  aeccodance  ulth  formulas  (5)  and  (6),  the  differential 
relations  are: 

^  »  *1*^  •  yi(*lrgl  ♦  iBg)  (83) 

^gl  •  ^ogl  * 

The  subscript  I  indicates  that  the  term  in  ^estion  refers  to 
position  I  only.  correspCTding  differential  eicpressions  for 
the  regular  errors  of  the  comparator  are: 


-  y^e  (86) 

The  tezms  of  the  translations  and  of  the  ecsaicin  rotation  are 
deleted  from  the  expressions  (8^)  and  (86)  for  obvious  reasons. 


The 
sad  of  the 


betueen  the  coordinates  of  the  con- 
are  defined  as 


'  * 


=  dx^  »  dx  ^ 
e  gZ 


dy  =  y , 


measured 


The  exrt>r  equations  for  poaitiom  bdcGoe: 

“  “ogi  ' 

^tn  •  3'«*y4  *  ^ogl‘  3'l*‘yg  *  <»> 


Bie  forking  eorrectloti  e^iatldas  are: 


y  gi 


dx^  -  dx 
e 

dy  »  dy 
c 


and  after  aubatltution  of  (83)  tturough  (86)  asd  sonie  rearrangement; 


’'SUI  •  *01  *  *4*‘»  *  *I 


■^ie  *  3'e*c  - 


Vc^l  - 


’'yOT  “  ^01  -  -  ^U1 

In  these  equations,  the  two  translations  and  the  eoBDon  rotation 
are  slaqdy  denoted  they  are  specific  for 

position  I  and  since,  in  principle,  it  is  unia^rtant  idiether  they 
are  refened  to  the  grid  or  to  the  ccnparstor. 


From  (91)  and  (98),  normal  equations  can  he  formed  and  solved 
hut  a  distinction  hetveen  the  regular  errors  of  the  grid  and  of  the 
coaqiarator  is  lapossihle.  At  least  One  more  position,  n  or  17, 
must  he  measured  and  introduced  in  the  coBputations* 

h.  Position  UII.  This  position  is  obtained  from 
position  yi  after  rotation  of  the  grid  in  its  own  plane  through 
100^  eloekelse.  Figures  IQ  aai  11  shov  the  relations  hetveen 
the  coordinate  ^stems  x^,  y^  of  the  conparator  and  yc  ^ 
the  grid  respectively. 
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Figure  lOi  The  gxld  in  UT 
poelti<^. 


Figure  11.  grid  in 
i^itidh* 


The  GdordinUte  system  of  the  comparator  is  unchanged  betveen  the  tw 

positions  but  the  x  ,  concesponds  in  the  UII  position  to  the  >y.  and 

gl  ® 

the  7  71  ^  means  that  those  parts  of  the  differential 

formulas  (S3)  and  (84)  uhich  refer  to  the  regular  errors  of  the  grid 

<^xg'  V  ^  .*»„ 

in  order  that  the  discrepancies  between  the  eonparator  coordinates 
Xp,  y^,  and  the  grid  coordinates  7gjj  correctly  interpreted 

and  ej^ressed.  The  translations  dx^^j,  dy  ai^  the  common  rotation 

O^  fOr  thO  aCtUSl  pOSitiCh 


of  the  grid  are  specialized 


and  have  to  be  expressed  accordingly  in  the  differential  formulas. 
Hae  ^fferential  forooLas  of  the  ^d  coordinatee  becoie: 


'  **ogii  *  yi*V?  ’  ’'(=*'gn 

•  *1^  ♦  *  *s*>gii  (9it) 

The  differential  foroulas  of  the  eonparator  errors  are  still  the 
ex|ireS8iqiaB  (8$)  and  ($6).  The  error  equations  of  the  ^ecrepdneies 
between  the  eonparator  and  grid  coordinates  of  position  hecone: 


=  xdm  «yde 

c  xc  'c  c  ( 


»•  y,di  +  y  dor 
I  yg  c  I 


^ttn  *  •  ^<ign  ^  ¥%  ' 

!3^  lipryjig  corte^i^  etuations  becciae: 

’'sfflH  *  *  *e*^  "■  +  yc^c  ■  ye^a  ‘ 

''jrun  =  %u.  *  y^c  •  ■'  h^n  *  ^W3<^> 

Fi^  the  tlib  seta  of  vorhiiig  contectioa  eqpatioQS  (9I),  (9^)  aid 
(^)>  (93)  i  i^£Bial  eg^tions  eaa  be  set  t#  asd  solved  after 
BeastiO?ements  in  a  Siiffleient  mmber  of  Identical  grid  points. 

However,  it  seems  suitable  for  the  sake  of  symmetzy  to  use  the 
measurements  in  the  positions  Ill  and  T1  also  and  to  adjust  all  the 
sets  of  measurements  simultaneously,  ^erefore,  the  corresponding 
working  eorrection  equations  for  positions  lH  and  IV  viil  be  de« 
rived  next  and  the  noznal  equations  will  then  be  set  up  and  solved. 

c.  Position  ulll*  ^e  grid  in  this  position  is  rotated 
200^  in  its  own  plane,  clockwise  from  the  position  til.  The  coor¬ 
dinate  fiiations  are  shown  in  Fig.  12. 


After  sindlar  consideratl^  as  above  mSBW  sectioi  position 
UXl;  we  find  the  following  wpzking  correction  equations: 

"^xpis;  ^  ^bin  -  *  yc^c  +  Fi^g  -  yc^m  * 
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II  ®ydiii 


di  Ppeitl^  UIV*  gUd  in  l^is  poBiticna  is  stated 
300S  cloclculsa  i'^  01&  idaae  frm  the  position  UI^  fhe  eoordinate 
xeiatiens  ase  shorn  in  Fig.  iB« 


y\>  Hi 


‘ygi 


Figure  13.  Ihe  grid  in  the  UIV  position « 

After  slBllar  considexatlons  as  above  under  Section  posit  ion 

UII,  we  find  the  following  working  correction  equations: 

=  dx  _,  «■  X  djn  y^dm  +  y  dB  -  y  •  dx  __  (101) 

XUIV  oIV  C  xc  ’'I  yg  •'c^c  'c  IV  UIV 

''ym  -  ^oW  *  yc*V  *  *1%  '  -  ^VN 


e.  joint  Adjus^pent  of  All  Four  Sets  of  Measurements, 
in  sunmary,  the  are  f 


V 

=  dx 

«  X  dm 

•  X_dm 

+  y  di  +  V 

^  de  -  y  diof _ 

301111 

olEE 

c  xc 

I  Xg 

'c^c  ' 

i^g  *^e  III 

Vvx/ 

^yUIIl  ’ 

=  ^omi 

*  yc^ 

.yjdayg 

-  dyuui 

(100) 

V  _  s 

yuiv 

dx  - 

oiv 

X  dm 

C  xc 

ydm  + 
I  yg 

dor  *  dx _ 

i  Vi  UIV 

(101) 

ye%e 

Xjdm,^ 

(los) 

^ese  trorkiiig  cdxfeGtloQ  eguatic^  caa  now  be  af^ied  to  measu^ea 
fients  ia  a  stiitable  nvmber  of  grid  pOiati.  lEbe  actual  gffd  poiats 
axe  preferably  deaoted  oa  the  glass  side,  aad  the  recorded  eoordlaates 
must  refer  to  these  aotatioas. 

la  fables  tn.  aad  IV^  the  nine  points  used  la  ^ctioa  113  above 
(see  also  Fig.  6),  are  assumed  to  have  been  measured.  !nie  tables 
shov  the  Goeff icieats  of  the  peunraeters  from  the  wcx^dLag  corxectioa 
equations,  ^e  aosnal  equations  are  then  fomed  frcm  the  tables  in 
the  usual  fnaaner.  See  equatloas  (103)  throu^  (106)  ^ 
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are  in  ^is  position  identical  vith  the  ccnparator-coozdinates . 
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a 


'^iti 


XG 


-  48a^dm  .  t»8a^da  <■  2aT  =  0 

2  3{g  yg  1 

*  *  i»8a^da„^  +  aaTg  =  0 


2 

Jtda  dm 

*  48a^dm 

2 

+  96a  dm_  + 

2af. 

XG 

yc 

xg 

3 

•ItSa^dm 

^  tda2dm 

+  9^^^  + 

2aT. 

xa 

yc 

yg 

4 

96a%  - 

c 

U8a^di^  24a^daj  th^dcx^^ 

+  2atg  5?  0 
2-  -^.2 


III 


-l*8a  de  +  96ai^d$  +  2Ua  dcr^  +  2Jmi2^^^  +  2l»a^dqf  +  dcr^  + 
^  S  X  XXX  4i^ 


+2aTg  =  0 

»2Ua“d8  +  24a^di  +  l*8a'da  +  2aT  = 

2  ^  2  ®  I  7 

»2*»«‘^d@^  +  2Ua  d0  +  48a2dcrjj  +  2aTg  = 

2  o  ^  o 

»2Ua  d@  +  2^^d@  +  i»8a'dorjjj  +  2ftT 

2  2  2 

siUa  d3^  +  2iw  dig  +  d® +  2aT^^ 


g 

:  Q 
=  0 
=  0 


aM  four  groi;^  of  noxmal  equatlGoys  ny^ch  are  mutually  ln» 
dependant.  fCbe  symtels  defixied  as  follows; 


I 

i 

I 
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= 

f  lx 

^  dx 

4  dx  « 

dx 

dx 

'  11 

15 

31 

35 

51 

55  I 

+(*dx 

-  dx  • 

.  dx 

+  dx  + 

^ce)-  + 

^  11 

13 

15 

51 

53 

55' II 

+  (d3C  - 

•  dx  + 

dx  « 

‘  dx  + 

dx 

11 

15 

31 

35 

51 

55  III 

dx  + 
13 

dx  . 
15 

i  dx  » 

51 

^53  • 

^55' IV 

“%3 

•  ^15 

-  ajfji 

"“53 

-  “35>I  " 

^<■^13.  • 

"^15^ 

^31  • 

‘^35* 

“51-  “55^11  " 

♦<^u  ’ 

*^51 

‘“53 

"  ‘^55^111 

+  (^11 

♦  '^15 

-  ^3X 

♦  ayjj. 

•  “51  ’ 

'  “ss'iv 

•  («*jj.  • 

^31  ' 

•“35" 

“51  ' 

“55  \ " 

^"*13 

-  dx 

"“35- 

■  “51^ 

^  ^55>1H 

H-^u. 

*^15 

-  ^31 

.  4yj5  . 

•“5l' 

•  “55  'n 

•^15* 

^31 

■^35" 

“51  ' 

“55>IV 

(m) 


*(-S*U  •  «*13  •  %5  *  ^  * 


*  ^13  *  %! 
•  ^X3  ' 


'  ^53  '  *^55>1  * 


+  dy  +  dy  +  dy  ) 

^51  -n  '55-III 


\ 


I 


*5  '  <*U  *  ^13  *  ^5  *  “a  •  *  ^55'l  * 


%3  * 

3*ji* 

3*35. 

+ 

I 

dXiiii^j  -  + 

'9^11 

- 

^3  * 

“is* 

“si- 

*“ss* 

^55^11 

Hs*' 

“35* 

“51' 

4*55)33, 

®g  =  (*«*u  ■ 

•4*,3- 

“iS^ 

*3*53* 

“ss  ^ 

+(^11  + 

3*13  ■" 

3*15  * 

3*51  - 

3*53  ‘ 

<1^5)111  + 

+(dyii  + 

%S  * 

%s  ■ 

4751  • 

■  “S3  • 

<5755)11  + 

+(^yii 

-^13 

-  *'1 

5  *  3y, 

>X  '  ^53  *  ^55^iv 

-  (-«*U 

-  «*13  ■ 

•  ^1$ 

*  3*51 

*  “S3 

4-  ^^5)2  * 

■^15" 

dy 

^31 

-4735 

**^51 

*  ^ss^ 

% '  * 

.3*15* 

^31  ” 

■^5' 

*  “51  ' 

“sshi  * 

+  (^11  ^ 

^13  *• 

%5  ■ 

■  “51 

'“ss* 

-  4755)11 

1 

III 

EH^ 

•  *'13* 

’  “51 

■  “53 ' 

'  “55' III  * 

+(*^11 

*  ^15 

*3735 

;  '  “sx 

*  “55^01 

%  ^  +  %5  -  ^31  ^  ^35  '  ^51  *  %^^IV  * 

+(-^11  -  %3  -  %5  ^51  ■"  ^53  ^  %5^IV 
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s^utiOBS  of  the  soailiai  eq^tloh  systCTS  ax«: 


•  l|p(-*5  * ’^6  • ’•7  '  ^9  -  V 

«»HI  ■  *  ■'e  -  •'t  '  •  ’'io> 

*■17*11— (’S**6'*T*®8**9- V 
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The  foUoviiig  eiua  lie  obtained  ffooi  the  noniBi  equations: 


dn  *  <iin  s 


xe 


m 


NO  absolute  SGale  cof£ecti^  can  be  obtained  fXCin  ^e  solution 
of  i^e  noxmal  equations,  ^is  is>  of  couxto>  to  be  ejected  since 
neither  the  grid  nor  the  cooparator  is  assum^  to  have  given  absolute 
dimensions.  Qniy  the  differences  betveen  the  scale  corrections  can 
be  determined.  It  is  also  ingx^ible  to  determine  the  accuracy  in 
its  real  sense  since  no  absolute  data  are  given,  only  the  precision 
can  be  determined  from  repeated  measurements  of  the  grid  points  in 
different  locations  and  positions.  order  to  obtain  a  better 
determination  of  the  precision  than  from  repeated  settings  in 
Certain  points  only,  grid  measurements  in  tvo  suitable  positions 
axe  vised.  Such  positions  should  be  chosen  uhere  the  possible  regu> 
lar  errors  of  the  grid  and  Of  the  cosopeumtor  become  coi^nsated 
as  far  as  possible.  The  sii^est  method  uould  be  to  measure 
the  grid  coordinates  in  one  position  tvice  ax:d  as  independently 
as  possible,  preferably  vLth  a  reset  of  the  grid  in  the  plate  holder 
between  the  two  sets  of  measurements.  The  computation  Should  be 
performed  as  an  adjvistment  using  three  pexameters,  two  translations 
and  one  conmon  rotation.  The  adjiistment  should  be  performed  es  if 
one  of  the  sets  of  measurements  were  the  given  values  of  the  eoor# 
dinates.  But  this  procedure  omy  give  misleading  results  due  to 
the  possible  correlation  between  the  two  sets  of  measurements. 
Therefore,  it  seems  to  be  more  suitable  to  use  the  positions  I  and 
III  or  II  and  IV  for  the  determination  of  the  basic  quality  of  the 
measureiaents.  Since  this  quality  will  be  obtained  from  adjiist.- 
ments  of  indirect  observations  and  as  the  results  of  solutions  of 
normal  equations,  it  smy  be  defined  as  standard  deviation  of  unit 
weight.  There  is  a  clear  difference  between  €iiS  conce|it  the" 
StS^iard  eiror  of  unit  wel^t,  which  reqidres  that  the  observed  dlS^ 
erepencieS  refer  to  given  data  which  can  be  regarded  as  errprlesr 
at  least  in  comparison  with  the  measurements. 

The  procedure  Shown  above  in  sections  US  end  II^  can  be  used 
for  the  detezminatiQn  of  tte  sum  of  the  squares  of  the  residusls  and 
the  stiuidezd  deviaticm  of  «mit  wei^t.  It  most  be  noted,  however, 
that  eprrelatlons  may  oecw  whieh  result  in  a  etanderd  deviatiQii  of 
unit  weight  value  that  is  top  Ipv. 
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friability  of  tbe  eoopxted  cofxeOtions  elm  be  determined  in 
the  usual  uay  vith  tbe  aid  of  ueight  and  cos^lation  numbers  and  the 
basic  standard  ezf^r  or  standard  deviation  of  unit  wei^t  of  i^e  ob« 
servations*  For  the  eoi^taticm  of  the  liiei^t  numbers  of  the  ex¬ 
pressions  (117)>  the  definition  of  such  numbers  can  directly  be 
applied^  n  of  them  become  nie  uei^t  numbers  of  the  ei^ressions 

9 

(US)  throu^  (lao)  are  preferably  ccaputed  via  the  uei^t  and  corre¬ 
lation  numbers  of  the  T-e^^?essians  (167)  throu^  (116)  ^  These  are 
shown  in  the  foUorng  weight  matrix  (Table  V) . 


[Table  V.  weisht 

and  Correlation  Nimbers 

\l 

^3 

%k 

‘^5 

S9 

\l6 

%1 

2k 

0 

«ia 

-12 

0 

0 

6 

6 

0 

6 

-12 

-12 

0 

0 

0 

6 

0 

0 

%3 

2k 

0 

0 

0 

0 

0 

0 

0 

24 

0 

0 

0 

0 

0 

0 

24 

-12 

-6 

-6 

-6 

-6 

24 

+6 

+6 

+6 

+6 

V 

12 

0 

0 

0 

Ss 

12 

0 

0 

12 

0 

\i0 

12 

The  wei^t  and  correlations  nimbers  of  the  erpressioos  (Il3) 
(12Q)  easi  how  be  coa^uted. 


We  flBd>  t&r  Instance: 


These  are  the  most  important  seight  numbers  ^  For  further  determin¬ 
ations  of  selght  and  Gorreiation  n\miber8>  the  same  principles  can 
be  used.  When  the  liei^t  and  correlation  numbers  have  been  deter¬ 
mined,  l^e  quality  of  all  funotions  of  the  adjusted  data  can  be 
determined. 

6.  Grid  poitt.  From  Section  III5;  it  is  clear  that  it  is 
sufficient  to  measure  the  grid  in  one  location  in  order  to  deter¬ 
mine  the  actual  regular  errors  of  the  grid  sod  of  the  comparator. 
The  same  procedure  used  for  the  U-location  can  be  applied  to  the 
D-location.  One  of  the  P-positipns  is  chosen  as  origin,  to  uhich 
the  regular  errors  of  the  grid  are  referred.  If  the  regular  errors 
are  to  be  referred  to  one  of  the  U-positions,  the  r^ation  between 
this  position  and  the  D-positions  must  be  detennined.  This  can  be 
done  in  a  way  slisilar  to  that  of  Section  i.e.,  regeurdlng  the 

change  of  the  coordinate  directions  from  one  position  to  another. 

Since  the  procediure  is  very  similar  to  vhat  has  been 
treated  above  \sder  SectiOT  III^,  a  detailed  derivation  of  foroulas 
etc.,  is  not  given. 

In  the  practical  examples  of  cosparator  tests  as 
show  in  Section  IV,  some  detensinstions  of  xagular  errors  from 
measurements  of  the  same  grid  in  U  and  P-posltions  mill  he  made. 


%  Deteimlnatlon  of  Absolute  Scale  of  a  Gamparatoi?. 

So  far>  umler  potot  III,  only  the  dlffeienGes  ia  scale  of  the  tuo 
cooidiaate  dlpectloas  of  the  Cdopaaira^r  sad  of  the  grid  have  been 
detezTiinedi  The  absolute  scale  remains  to  be  detemLned.  IMS  must 
be  done  from  the  cooq^ison  of  a  given  scale  of  hi^  accuracy  \^th 
the  scales  of  the  coti|paratori  Since  the  differenees  have  been 
dete^ined,  it  is  sufficient  to  detexmine  one  of  the  comparator 
scales  Only. 

In  n  points,  the  x-coordinates  of  an  accurate  scale  have 
been  measured  in  the  comparator.  One  translation  dj^  and  one  scale 

e^^r  dm^  are  assumed  as  regular  errors  of  the  measured  coordinates. 

■nie  influences  upon  the  measured  coordinates  from  these  tub  para» 
meters  are  expressed  by  the  differential  formula 

dx  =  dx  +  xdm  (125) 

ox 

^e  measured  coordinates  x  are  compared  ^th  the  given  coordinates 
Xg,  and  the  discrepancies  are  defined  as 


From  (12^),  the  correction  formula  is  obtained  as 

dx  =  X  *  X  =  «dx  -  xdm .  (127) 

m  g  Q  X 

Since  redundant  measurmnents  are  made,  the  expression  (127)  is 
vritten  as  a  uDzXing  correction  equation: 

v  =  ^-dx_  -  xdm  ^  dx  (128) 

O  x 

For  the  most  convenient  txeatzient  of  the  adjustment  problem,  it 
is  suitable  to  use  the  point  Of  gravity  as  origin,  ^Ms  point  Is 
defined  t^xnigh 

m 

n 

The  coordinates,  referred  to  the  point  of  gravity,  are  defined 


Hence  [3^=  0 

Olie  woxMng  correction  equation  becomes 

y  =  sdXp  »  Xdm^  dx  (iSP) 
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Fd^  the  h  points ^  the  noznal  etuatioos  becGme 


ndXo  +  [d3c]  =  0 

[HCldin^^  +  [Xax]=  0  (131) 

&e  sum  [w]  can  he  founS  trim  l^e  equati^: 

[w]  =  [djdx]  +  [dx3dx„  +  [»Sx]da  (iS^) 

o  * 

^e  solution  of  the  noxmal  equations  IS  simply; 


The  standard  eiror 


s 

0 


of  uMt  vei^t  is 


The  Wi^t  numbers  are 


The  QOrrelation  number  is  zero. 

CorrectlODa  to  arhitrazy  points  can  be  coaq^ted  from  (127) 
or  (130) .  The  eelgbt  number  of  a  corrected  coordinate  la,  according 
to  (130); 


and  the  corresponding  standard  error 

"""  ■  ■ . 


»x 


^  a 


n+l 


z^dt  inean  sgiiaz^  value  of  the  standard  erroxa  within  a  certain 
interval  ^  Xg  can  he  found  from  the  es^ression 


After  integration )  we  find 

3  ^  .3 

^  sf  (  ^  '  _ _ )  (1U2) 

®x  ^  3[XX]  (Xg  ^  %) 

ihe  standaid  error  of  the  standard  error  of  unit  vei^t  is  found  from 

s 


The  Gonfidence  limits  can  be  determined  for  actual  cases  with  respect 
to  the  number  of  redundant  observations  (degrees  of  freedom)  and 
the  confidence  level  (usually  5  per  cent).  A  practical  example 
of  the  determination  of  the  absolute  scale  of  a  comparator  is  shown 
in  section  IV. 

If  more  regular  errors  are  present  than  those  which  were 
assumed  in  the  calculation  above,  it  is  desirable  to  determine 
the  individual  residuals  after  the  adjustment  with  the  aid  of 
expression  (130)  and  to  plot  a  diagram.  Jiirther,  a  test  of  the 
normal  distribution  is  always  very  useful,  provided  that  enough 
residuals  are  available. 

IV.  PRACTICAL  EXAMPLES 

It  is  desirable  to  test  the  procedures  and  formulas  derived 
above  in  order  to  check  the  e^qpressipns  obtained  and  to  determine 
the  Older  of  magnitude  of  the  basic  precision  and  accuracy.  In 
fact,  such  tests  must  be  performed  cen^rehensively  in  many  different 
instruments  with  different  grids  and  "by  many  operators  in  order 
to  determine  the  basic  factors  upon  which  the  detezmlnatlQn  of 
tolerances,  etc.,  must  be  founded, 

A  series  of  practical  tests  will  be  show  below.  These  tests 
have  been  made  primarily  for  the  purposes  mentioned  above  but  all 
of  them  are  not  to  be  regarded  as  representative  for  the  highest 
precision  and  accuracy  iihich  can  be  obtained  from  hi^-precision 
cemparators.  The  operator  was  not  particularly  well»trained  or 
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es^^enced  in  snme  Gnees. 

First,  the  re  stilts  of  a  series  of  measurements  for  the  deter* 
mination  of  the  precision  of  image  coordinate  measiirements  in  a 
single  image  coorparator  vill  he  shovn.  Ihe  focussing  of  the  optical 
S^tem  intentionally  changed  hetveen  the  series  in  order  to  see 
the  influence  upon  the  precision  of  this  variatiGn. 

Further,  Hie  forjaulas  dei^ved  above  viH  be  tested  vith  ad- 
jusHoents  of  discrepancies,  caused  by  introduced  artificial  regular 
errors  in  the  grid  and  ccoparator  coordinates.  Then,  series  of 
practical  measurements  in  a  single  image  comparator  illl  be  treated 
in  different  uays.  The  absolute  scale  deteminaticm  of  a  comparator 
Vill  be  shovn  in  detail  in  accordance  with  practical  measurements 
from  the  National  Bureau  of  Standards.  Finally,  the  results  of 
practical  measur^ents  in  some  modem  stereocoffiparators  vill  be 
shorn  and  discusaed. 


8  .  Determination  of  Precision  of  image  Coordinate 


tfeasurements  in  a  Single  Image  Comparator  under  Different  G^ditiona. 


la  very  sir^e.  The  settings  of  the  measuring  mark 
in  a  grid  point  ueie  repeated  at  least  20  times,  and  the  correspondijg 
3C  and  y- coordinates  vere  recorded.  Three  series  with  different 
focussing  vere  measured,  and  the  standard  deviation  of  one  measure¬ 
ment  vas  computed  for  each  series  according  to  vell-lmovn  proeediores^ 
The  detailed  readings  may  be  of  little  interest  in  this  connection. 
Therefore,  only  one  seiries  of  the  measurements  vill  he  coh^etely 
shovn  vhile  for  the  others  only  the  results  vill  given.  (See 
Table  VI) . 


Frcm  Table  VI,  ve  find: 


X  =  81»-.o638  mm 

average 


p 

[v  V  1  =  159*^  micron 

X  X 

2 

[v  V  3  =  128.69  micron' 

y  y 


Hence,  the  standard  deviations  of  one  x»  and  y-measuranent, 
respectively: 


2.8  imLcrons 
2.3  sderans 
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Fxm:  measurenents  of  the  same  type  vith  an  tmprpyed,  hut  not 
the  heat  focussing,  the  following  results  were  obtained: 

Sjj  -  1.7  nicrgos 

s  =  1.9  microns 

y 

Finally,  the  hest  focussing  was  introduced,  eul  the  measuzem^ts 
were  repeated,  llie  following  staodud  deviations  were  found: 

Sj^  =  1.8  microns 

s  s  1.0  microods 

y 


Consequently,  a  clear  relation  bet^en  focussing  and  Standard 
de^^ations  was  found,  it  is  e^^dently  of  great  i^^rtance  to 
adjust  the  focussing  carefully  in  order  to  obtain  a  high  inrecision 
of  the  meas^irements.  ^^s  nay  be  mther  self  e3q»lanatory  but  so  far 
no  numerical  inforsiation  has  been  given  on  this  subjects  Much 
more  research  should  be  devoted  to  this  is^rl^t  question.  The 
degree  of  shar^ess  should  be  detemined  in  soae  uay,  possibly 
'v&th  the  aid  of  resolving  pot^r  targets  or  some  form  of  ^l^cal 
transfer  tests  in  order  to  determine  the  correlation  between 
sharpness  and  standard  delation,  similar  proeedures  should, 
moreover,  be  applied  to  the  imaging  system  of  cameras  ^ 

In  sunmai^,  the  standard  deviation  of  the  image  cocrdinate 
measurements  measurement  in  x  or  in  y)  wus  for  the  actual 
instrument,  grid,  and  ppexator  found  to  be  1.^  micr^  as  an  average^ 

If  two  settings  always  are  to  be  used  and  the  average  of  the 
results  IS  to  be  coeluted  and  used  for  further  co^utations  the 
standard  deviation  of  this  average  is  fo^ind  by  dividing  the  figure 
l.U  microns  by  The  standard  deviation  of  the  average  of  two 

measurements  in  the  actual  instrument,  in  the  actual  grid,  and  by 
the  actual  operator  is.  Consequently, 

Sjj  =  Sy  =  1.0  micron 

This  is  evidently  the  lower  limit  for  the  standard  error  of  unit 
weight  of  the  image  coordinate  measurements,  expressing  the 
accuracy  of  the  procedvqre.  m  other  words,  there  is  little 
reason  for  trying  to  increase  the  accuracy  beyond  the  obtained 
value  of  the  precision. 

Another  test  Of  *^0  precision  was  also  obtained  from  repeated 
series  of  measurements  in  sets  of  nine  points.  In  each  point, 
only  one  setting  uas  made  in  each  series.  A  grid  uas  measvtred 
twice  in  two  locations,  grid  lines  up  and  down  respectively. 

From  the  differences  between  the  two  sets  of  image  coordinates 
in  each  location,  the  standard  deviation  of  one  setting  and  in  the 
average  of  two  settings  was  ccoputed.  As  an  average,  the  value 
0.6  micron  was  found,  which  agrees  rather  well  wi^  the  value 
showi  above.  It  is  8^0  an  indication  of  the  very  good  stability 
of  the  instruDent, 

9,  Tests  of  Foimulas  and  procedures  with  the  Aid  of 
iyiiiificicu  Erfofs7  "^e  mdst^  reliable^  sM  effective  way  to 
test  cq^Ilcated  formula  systems  for  adjustments  and  deter  minatloB 
of  regular  exrors  is  to  use  fictlve  coordlnatei  ccmtaining  Mown 
artificial  errors.  Some  eximples  of  this  procedure  will  te 
given  here  before  the  exm^les  of  application  of  the  procedures  to 
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reed  grid  measureinents  ia  a  single  eoapiratdr. 

■nie  first  Step  in  the  actual  test  proGedure  is  to  assunie 
certain  regular  errors  in  grid  and  in  the  Cenparator  and  then 
to  apply  the  adjustment  formulas  to  the  coisputed  discrepancies 
het-Heea  the  grid  and  compaiator  coordinates*  The  results  inust 
agree  vith  the  introduced  regular  errors  ^  and  the  standard  error 
of  unit  veight  must  become  zero.  The  procedure  vill  become  clear 
from  the  example  below.  We  assime  nine  regularly  located  points 
according  to  Figure  l4.  ^e  correct  assumed  coordinates  of  the 
points  are  indicated  together  with  the  notations  of  the  points. 


51  •  53  • 

*100, +100  0,+100 

V 


55  • 
+ioo,+ioo 


31  • 

-100,  0 


33 

0,0 


.X  15  • 

+100,0 


11  •  13  • 

*100,-100  0,-100 


15  * 

+100, -100 


Figure  14.  Notations  and  Coor¬ 
dinates  of  the  Assumed  Errorless 
Grid  Points. 


Next,  se  assime 
coordinates: 


the  following  regular  errors  to  affect  the 


dx  s  +0.010  mm 

O’ 

dy  =  +0.010  mm 
dm  °  =  +0.000020 


dfflyg  =  -o.oocoao 

da  s  +0,000030 

dgg  =  +O.0O0Q1O 


The  CGjnpai^tor  is  assumed  to  be  affected  by  the  following  regular 
errojreT 


dm  »  -0.000030 


i! 

f 

-i, 

000050  I 

=  +0.000030  ! 

fhe  influences  upon  the  eoo^inates  of  the  gild  and  the  |i 

ccnpaStttojf  ffom  these  x^egular  erroiB  are  ne^  found  from  ‘^e  || 

differential  fonaulas  (5)  and  (6).  t 

i 

dx  =  dx  ♦  iohn  »  yfda  +  d^) 

ox  i 

i 

dy  =  dy^  +  xkt  +  y  dm^  ' 

In  the  folloving  Tables  VH  through  n>  the  GOiTespoading 
coB^Mator  and  grid  coordinates  are  shorn  ^  ^e  grid  position 
shovn  in  Fig.  14  is  denoted  ux^  positions  uiz,  UIK,  and 
UlV  are  obtained  after  rotations  of  l^e  grid  throu^  100^>  200^, 
and  300®  respectively. 


teable  IX . 

Grid  Coordinates 

1  Position  UII  _  „ 

Grid 
Point _ 

n 

n 

-99.991 

99.988 

51 

13 

-99.988 

-O.Olh 

31 

15 

-99.05 

-100.016 

11 

31 

0.007 

99.99a 

53 

33 

0.010 

-O.OlO 

33 

35 

0.013 

-100.012 

13 

51 

100.005 

99.996 

55 

53 

100.008 

-0.006 

35 

55 

100.011 

-100.008 

15 

Cable  X.  Grid  Coordinates 

Table 

XI.  Gri(i  GGprdinates  _ 

Position  UIII 

POSl 

tlon  UIV  1 

Grid 

X 

y 

Comp. 

Grid 

X 

y 

Con^. 

Point 

(am) 

(mm) 

Point 

point 

(mm) 

(mm) 

Point 

11 

99.08 

99.991 

55 

11 

99.991 

-99‘988 

15 

13 

-O.OlU 

99.08 

53 

13 

99.08 

+0.0lh 

35 

15 

-100. oi6 

99.05 

51 

15 

99.05 

100.016 

55 

31 

99.992 

-0.007 

35 

31 

-0.007 

-99.992 

13 

33 

-0.010 

-0.010 

33 

33 

-0.010 

0.010 

33 

35 

-100.012 

-0.013 

31 

35 

-0.013 

100.012 

53 

51 

99.90 

-100.005 

15 

51 

-100.005 

-99-90 

11 

53 

-0.006 

.100.008 

13 

53 

400.008 

0.006 

31 

55 

-100. 008 

400.011 

11 

55 

-100.011 

100.008 

The  ^scxepencles  to  he  edjiisted  axe  found  frosi  each  i^d  position 
In  suhtxactisg  the  actvisd  grid  coordinates  from  the  correspoodl^  com« 
pexator  coordinates  according  to  Table  VXI.  ^Rie  conputatlois  can  then  he 
made  In  form  3  or  foxms  3  throu^  7  (Appendix).  If  the  coaputatloiis 
are  according  to  form  3^  hhe  obtained  corrections  vill  become 
combinations  of  the  introduced  errors  from  the  grid  and  the  CGm« 
parator.  It  Is  possible,  however,  ^  distinguish  betHeen  the  Influence 
of  the  errors  with  elementggy  procures,  particularly  if  the  measuron 
nests  of  the  pid  had  bees  nade  also  in  the  p«iocatlon  (gfld  lines 


dd^) .  Sl&ee  this  p^edtire  may  be  df  Special  iateiest  td  praetiee 
macy  eases,  it  vill  be  treated  here  and  the  results  win  im¬ 
mediately  be  tested.  Next,  the  grid  cdcrdinates  will  be  shdwa  is 
the  four  D-pdSitidss>  see  fables  xzz  through  XV.  Fig.  15  shows 
the  pdSitidns  df  the  grid  poists  after  the  tunaisg  upside-down 
of  the  grid  and  for  poeitids  DI. 


55  •  53  "  51  . 


15  .  13  •  ^  . 

Figure  15.  Grid  pdimtS  in  the  Disposition. 


fable  XIH.  Grid  Coordinates 

Positiw  bii 

Grid 

X 

y 

Coi^. 

Point 

(nn) 

im) 

Point 

11 

-99-991 

-99-988 

11 

31 

0.007 

-99-992 

13 

51 

100.005 

•99-996 

15 

13 

-99.988 

0.014 

31 

33 

0.010 

0.010 

33 

53 

100.008 

0.006 

35 

15 

PC 

-99-985 

A  AT  0 

100.016 

1 AA  A1 0 

51 

55 

UeV-Lj 

100.011 

100  .Oi^ 

^ _ 

fatle  Xll.  Grid  Cddidinates 

Pdsitidn  DI 

1  Grid 

X 

y 

Ccnp. 

1  Pdint  (to)  1 

(19) 

Pplnt 

11 

99.988 

-99.991 

15 

13 

-0.014 

-99.9^ 

13 

15 

.100.016 

-99.985 

11 

5k 

99.992 

0.007 

35 

33 

-0.010 

0.010 

33 

35 

.100.012 

0.013 

n 

51 

99-996 

100.005 

55 

53 

-0.006 

100.008 

53 

55 

-100.008 

100.011 

51 

53 


The  results  of  the  contputationS  aeeoxdiDg  to  f oim  3 

the  regular  errors  dn^^,  diiiy,  sad  d$  are  suMarized  helow  la  Table  XVI. 


The  conections  of  Table  XVI  are  obviously  ccmbiaatians  of  the 
errors  fron  the  grid  and  fron  '^e  coDparator.  The  procedure  of  ^iS® 
between  the  tw3  sources  of  the  errors  can  be  derived  as 

foliQHB; 

a.  The  Scale  Errors.  The  scale  errors  of  the  coi^parat^ 
are  denoted  da^^T"®^  ^  srid  in  poBiticn  UI  dn^,  dBy^. 

Since  the  differences  between  the  CGoparator  and  the  grid  coordinates 
^  xused  in  procedure,  ^xe  obtained  coJ^cticns  inust 

consist  of  the  diiferences  between  g^d  end  the  comparator  scale 
errors.  It  must  be  noted  that  corr^tions  rad  errors  are  opposite 
eaffh  other  conceming  the  signs.  The  coordinate  sifsten  of  the  cob'? 
parator  is  fined  auring  all  series  of  measwresrats  but  the  grid  system 
is  rotated  as  described  atave.  From  this  feet,  the  following 


I 


t 


£islatidaw  axe  fouM  betue^  tke  eogrectlgis  txm  t&e  ndfm^  etuatid^ 
amd  tiae  erroiiB  of  eonpafator  a^  i^d; 


can  be  CGC^ted  but  absolute  values  of  the  Scale  cori^CtiaQS  (of 
ezfofS)  can,  of  course,  not  be  ccmptited  uj^ess  the  grid  or  the  eqa# 
parator  can  be  regarded  free  from  scale  errors. 


Frcm  the  corrections  of  the  U<^po8itions,  the  foUorwiiog  an^ressions, 
for  instance,  are  fQ\;md: 


Since  the  scs^e  differences  are  expressed  in  ^zos  of  quantities 
ift^ch  are  direct  fimctions  of  neasured  data,  the  precision  or  the 
accuracy  of  the  differences  can  be  determined  according  to  vell-p- 
isnovn  procedures.  Applied  to  the  results  of  the  conputations  as 
shoun  in  Table  xv^i,  the  foUoi^ng  values  are  found  from  the  expressions 
for  the  scale  differences: 

dm_  w  dm_  =  O.QOOOSD  and 
xc  yc 

dm  ds  =  O.OOOOto 

These  data  agree  exactly  vith  the  introduced  errors  above. 
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bi  The  Jtegular  dB.»  Distiacti<^  eaii  be  made 

bet‘Wee&  a  detesfid^tion  of  the  aetual  eagles  from  the  U>  ^  Dapositions 
(XT  from  the  u>  D-fosltloos.  For  the  former  ease,  ve  have  from 
the  basie  ddfferehtial  forDuias  for  the  u-posltioas: 

d8™  =  da  -  d$^ 

la  the  position  uli,  the  error  d$g  charges  its  sign  aad>  eomsetiii^bly, 


Further, 

and 

d%£V  == 

After  auitable  combinations  the  following  is  foxmd: 

+  d8  ^  +  de _ +  dg _ 

ui  ^uni  nmv 


In  the  D'positioii,  the  first  exparession  is  identical  but  the 
second  one  changes  the  sign  since  the  grid  is  located  i^ide  doMb^ 
lencei  the  folloiiing  is  found: 

dfl  ^  ^DII  “  ^PI  *  ^DIV  ^  %>m 
«  ■  k 

The  angles  dg.  and  dg  can  also  he  directly  found  from  a  comparison 

V  p 

between  the  corresponding  and  P^positioos. 


Ife  have 

% 

and 

'•«g  •  *<! 

Bence 

^c 

«n  *  ®D 

2 

S 

2 
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For  tlie  cooLbinatlons  of  all  adjualSDentB  in  tbe  IJa  and  D-po6ltiQn8> 
ve  flM: 


^lif  *  ^DT  *^uii  ^  *^Dii  ^uni  %m  ^  %ig 

8 


8 


Fron  the  lavs  of  error  prqpa^tioa,  the  aeeuraey  or  precisioa  of 
■the  detexmlned  angles  oaa  he  fourd. 

If  the  data  frofa  fable  7^  are  suhetltuted  into  the  formulas  de> 
^ved,  -the  errors  of  the  aogies  are  obtained  vialth.  agree  exactly  idth 
the  introduced  errors. 


It  should  be  emphasized  that  it  vould  be  Sufficient  to  measure 
the  nine  points  of  the  grid  in  tub  positions  only,  provided  that 
a  rotation  through  a  n^t  angle  is  made  be-tueen  two  positiGns* 
The  quality  of  the  detezmination  of  the  regular  errors  vill^  how¬ 
ever,  be  dependent  vq>on  the  number  of  positions  used*  ^QtiS  Can 
easily  be  show  in  applying  laws  of  errcn:  pzopegation  to  the  ex¬ 
pressions  for  the  angles  d^^  and  d$g  above. 


If  two  positions  are  used,  the  weight  numbers  are  found 
the  following  expressions: 


mi. 


frcn 


dg  -  dS 

«i  un 


Since  the  two  sets  of  measurements  are  regarded  to  be 
the  welf^t  numbers  are  obti^Lned  as  followB: 

-  -  S..  - 


and  the  standard  error,  after  substituting  Q  from  equation  (^)  or 
form  3: 


B 

O 


ML 

12a 
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Fzm  four  positidnSj  Ve  find  similarly 


'%  %  O  12a 


aad  eig^t  poslticms 


S$^_  =68  =6. 

®8  88  ® 


vT 


Ne3d>>  some 
a  sin^e  ii 


pies  of  test  measurements  in  an 
coDi^arator  id.ll  be  Sboim. 


ordinal^  grid  idth 


10 .  Summaiy  of  Test  Measurements  in  a  Grid  ^th  a  Single 
Image  Ggo^e^iorV  A  gzld  iwis  measuxed  in  all  ei^t  positrons  in 
a  ccm^parator  by  a  ratber  ines^rienced  operator.  Nine  points  vere 
used  aecoiding  to  the  derivation  in  point  113  above  and  in  Some 
ej^riments  also  25  points  according  to  Fig.  6  uere  measured  (in  one 
position  Only,  hovever).  All  computations  vere  perfoxmed  with 
the  forms  3  through  7  (Appendye)*  The  summary  of  the  results  of 
di^erent  combinations  of  the  Masurements  and  computations  idll 
be  Shovn. 


a.  GUd  Positioas  U.  First >  the  grid  or  the  compar- 
ator  is  assumed  to  be  errorless’."  The  corrections  dm^,  and  dg; 
their  standard  errors;  and  the  standard  error  of  unit  veight  all 
according  to  form  $  axe  shovn  for  the  four  positions  in  TableXllI« 


,ta  (arcept  the  Sq)  Given  in  lAiitS  of  10"  ■  sm 


Ition 


,27  I  11  +12  31  ,3 

13  +15  13  -1  I  18 


For  a  ^udgmeat  of  the  vulations  of  the  standard 
errors  of  unit  vei^t  and  of  ^e  corrections,  the  coafldence  limits 
viH  be  used  on  the  level  5  per  cent.  For  the  standard  error 
of  unit  vei^t,ve  find  the  limits  0*9  Sq  *  2.0 


found  viaflations  of  ceu|>  therefore  ^  be  regarded  as  noznal^ 
The  confidence  limits  of  the  correctly  are  on  the  5  per  cent 
level  (t^idlitributlon)  t  2,2  b  i 

With  respect  to  these  confidence  limits >  only  the 
GoiTectloaos  d%  from  the  positions  U1  and  UIV  becGoe  sl^lf leant, 
^e  choice  of  cox^ldence  level  1b>  of  course >  somevhat  arbitrary^ 
m  order  to  be  sure  that  regular  errors  are  adjusted  as  carefuUy 
as  possible  in  the  instrument (provided^  of  course,  that  the  giad 
can  be  regarded  as  errorless),  it  seems  advisable  to  use  the 
standard  error  itself  as  the  limit,  in  this  case,  tSiere  the  niMber 
of  redundant  measurements  (degrees  of  freedom)  are  12,  these  con¬ 
fidence  limits  irouid  correspond  to  a  level  of  about  30  per  cent. 

From  the  fomuias  under  IV9,  the  geguiar  eWxoxB  of  the 
grid  and  the  comparator  can  be  distinguished.  After  substitution 
of  the  data  from  Table  xvii,  ve  find: 

dm  -  dm  =  -0.000006 

xe  yc 

dm  -  dm  =  0.000026 

xg  yg 

d$g  =  0.000002 

de  =  o.oooooo 

There  is,  consequently,  a  larger  scale  difference  in  the  grid 
than  In  the  canpazator.  ihe  angular  errors  are  very  small. 
CGn^>arator  Is  evidently  veil  adjusted.  The  standard  errors  of 
unit  velght  are  2.3  microns  as  an  average.  This  is  a  combination 
of  the  errors  of  the  grid  and  the  cosparator  and  includes  also 
the  errors  of  the  operator. 

In  order  to  eliminate  the  errors  of  the  grid  in  the 
detezmlnation  of  the  standard  error  of  unit  velght,  the  four  sets 
of  measurements  Ul  through  UIV  vere  mutually  treated,  l^e  resaits 
of  the  measurements  in  position  UI  vere  lised  as  given  data,  and 
the  computations  vere  made  according  to  form  3(Appendix) .  %e 
results  concerning  the  basic  quali'^  should  be  damted  staodard 
deviation  since  it  is  a  question  of  repeated  measuroients  of 
unknown  data. 

The  foUoving  results  vere  obtained: 

UI  «  UII  s  =  1.3  Morons 

UI  UIII  s  =  1.7  sderons 

UI  -  UIV  8  =  g.o  microns 

Average:  i.S  microns 
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Since  this  in  tke  standaxd  deviation  of  a  diffeKnee 
between  two  series  of  measurements  >  iibXeh  can  be  assumed  to  be 
mutually  etual^  tbe  standard  deviatlm  of  one  of  the  series  can 
be  obtained  from  dividing  liS  byV^  ^is  gives  the  value  1^3 
microns  >  Which  is  slightly  greater  than  the  standard  deviation 
from  repeated  settings  only. 

b.  Grid  Ppeitloas  D.  The  measurements  in  the 
positions  i)  were  treated  in  the  same  way  as  shown  above  for  the 
positions  u.  Ihe  results  c<raceming  the  regular  errors  of  the 
grid  and  of  the  Gonqparator  agree  well,  and  the  differences  which 
were  found  are,  of  course,  due  to  the  jiregular  errors^ 

The  following  data  were  obtained: 

dm  -  dm_  =  -0.000012 
xc  yc 

dm  -  dm  s  -10.000026 

yg 

dg^  =  0.000007 

da  =  ^.000006 

6 

Also,  in  this  case  the  largest  scale  difference  was  obtained'  for 
the  grid. 

The  standard  error  of  unit  weight  was  found  to  be 
3.3  microns  as  an  average  or  somewhat  larger  than  the  Corres# 
ponding  value  from  the  positions  U.  This  may  be  explained  by  the 
fact  that  the  measurements  in  the  positions  D  were  made  through 
the  glass  of  the  grid  and  that  small  refraction  errors  may  be 
caused  by  irregularities  in  the  glass.  A  con^>arison  between  the 
results  from  the  two  locations  U  and  P  is  shown  in  Table  X\riII. 


|Uf-  a^  P-Ipcatio^  0 

>f  the  Grid;  All  Pata  except  I 

Lght  are  in  1( 

-  ^ 

Position 

®®x 

dm 

y 

9m 

®y 

m 

8 

(snSerons) 

UI 

12“ 

'E 

-3“ 

EH 

2.¥ 

DI 

*15 

17 

23 

17 

»ap 

4,0 

UE 

7 

13 

»15 

13 

*1 

3,2 

PE 

-3 

13 

«2P 

13 

«2 

18 

3.3 

*15 

13 

15 

13 

-1 

18 

18 

3.1 

DEI 

-33 

13 

2 

13 

-5 

3-2 

OIV 

27 

10 

5 

10 

El 

Ik 

2.4 

PIV 

9 

11 

*1 

11 

WEm 

15 

2.6 
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cdDdS>utaticms  !d.th  the  aid  of  foxns  5  throu^  7  (Appendix) 
Bhov  very  good  agreemeht. 


Also  in  the  location  S,  the  results  of  the  measinrements  vere 
transfoxfiied  to  the  results  of  the  se^es  PI  in  order  to  find  the 
standard  deviation.  The  results  vere  found  as  follovs: 


DI  -  DU 
PI  -  Ppl 
DI  «  PIV 

Average: 


liS  Mcrons 
2i,k  microns 
2^5  miacons 

2.2  microns 


Conseg,u^t3y,  a  someuhat  larger  value  uas  found  from  location  P  than 
from  U.  ^^s  may  be  explained  by  the  influence  of  the  glass  of  the 
g^rid. 


o.  Tests  pt^  the  forms  for  the  25»point  combinatiQn. 
Measurements  and  coa^utatlons  uere  also  perform^  in  25  podhts  accord 
ing  to  form  h  (Appendix).  The  results  uere  satisfaGtory,  and  the 
form  seems  to  function  veil.  The  standard  error  of  unit  vei^t  vas 
found  to  be  3«^  MCrOnS.  This  value  is  sli^tly  larger  than  the  re« 
suits  from  the  measurements  and  CGt^utations  as  shovn  above.  Some 
of  the  grid  points  in  the  25**polnt  combinaticn  vere  of  eonsiderably 
lover  quality  than  the  points  used  in  the  9«point  combination. 

This  may  ajqdain  the  difference. 

Further  exaiiqples  of  the  25*polnt  combination  idll  be 
ShoKi  belov  in  connecticm  vith  the  tests  of  some  different  mpdezn 
stereocoBg>arator8 . 

ll-.  Practical  Petermlnatlcai  of  the  Absolute  Scale  of  a 
Comparator  and  l^e  feaSlc  Accuracy.  ^No  dii^erent  Scales  an^  ” 
conperat^^  ^ve  heen  viSed.  From  Pr.  Francis  E.  Washer,  BefractOi. 
metry  Section,  Metrology  Pivlsion,  National  Bureau  of  Standards, 
some  sets  of  observations  for  the  determination  of  the  absolute 
scale  and  accuracy  of  a  comparator  vere  obtained,  ^ese  observa«- 
tlons  have  been  computed  according  to  the  principles  shovn  above 
in  Section  III7.  First,  an  adjiistment  vas  ina^  of  data  vMCh  vere 
averages  of  measurements  of  tvp  observers  and  of  ten  repeated 
settings.  The  results  are  shovn  in  Tables  XK  and  3QC  and  in  Figs. 
l6  amd  17.  Further,  the  residts  of  each  individual  observer  vere 
treated  in  a  similar  manner.  The  results  of  these  conputations  arc 
shown  in  Figs.  Id  and  I9. 
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I 


X  s  tke  cooxdiQates  aloog  the 
seale^  refenfed  to  i^int 
of  gitivity  as  oil^. 

dx  =  the  discrepaaGies  hea 
ttieen  the  comparator  aad  the 
glass  scale  j  defiiied  as  errors 
i.Ci  measured  value  minus 
^ven  value  or  comparator 
coordinates  minus  glass  scale 
Coordinates. 

dx  uas  determined  as  averages 
of  10  repeated  settings  in 
each  point. 

V  the  residuals  after  the 
adjustment,  coeluted  for  a 
check  of  the  Sum  of  the  squares 
of  the  residuals  and  for  the 
histogram,  used  in  the  noxnal 
distrihution  test. 


From  the 

fdxl  = 

Tahle:  n  =  33 

11  ■^.68 

^  _^113A-^ 

=  »3. 441*6  microns 

-  -o  018160 

0  33 

.  5440.10„ 

C»ax> 

MM  J  «  V.A,y 

541*0,10 

X 

mieron/mn 

[dxjix]  =  ^.6716 

[w]  =  500.6716  -  391.6103  -  98.91^  s  10. 11*66 

=  0.57  micim 

31 

The  residuals  v  uere  coi^ted  ffom  the  formula  (130)  after  suhsti.* 
tution  of  the  parameters  from  the  adjustment. 


D^rees  of  freedom  >13^3  -  ^0 
Gm|  18.307 

Hie  velue  T«l9>  cd&se^eBtly^  taeans  t^t  He  h^y^theeis  that  a 
normal  dlitrlhfutiQn  is  present  can  be  aceepted  cm  the  ^  per  cent 
levels 

A  histogram  of  the  residuals  and  the  corre^^nding  normal 
distribution  curve  is  shoim  in  Fig.  17* 

b.  Summary  and  Mscussion  of  He  Adjustment  procedure, 
fhrou^  He  ad jusHent  coo^tati^j  the  tvo  systmaatic  or  regular 
errors  d^  and  dm^  have  been  determined  according  to  He  method  of 

least  squares.  The  sum  of  the  squares  of  He  residuals  [Wj  has 
been  used  for  calciiiatlon  of  He  standard  error  of  unit  vei^t  s^ 

Uhich  can  be  regarded  as  He  statistical  expression  for  He  ir¬ 
regular  errors  Hich  remain  after  He  correction  for  He  tuo 
regular  errors  dx^  and  dm^^. 

He  obtained  value  of  He  Standard  error  of  unit  vei^t  S  & 
0.37  micron  is  an  expression  for  He  errors  of  He  glass  scale,  ^ 

He  coi[q>arator,  and  He  operator.  Doubtless,  there  are  regular  errors 
of  different  kinds, for  instance, caused  by  teg^rature  variations  or 
of  periodic  nature  in  the  scales.  A  certain  distinction  might  be 
possible  after  examination  of  the  residuals  uhich  are  ShoUn  in 
Table  XSC,  the  right  coltoni.  In  Fig.  l6,  the  residualB  are  shown 
graphically-.  It  seems  possible  to  determine  a  kind  of  Sine-curve, 
which  mi^t  reduce  He  sum  of  the  squares  of  the  residuals.  Before 
doing  His,  however,  it  would  be  suitable  to  make  anoHer  series  of 
tests  measurements  and  computations  siMlar  to  Hose  above  in  order 
to  see  if  He  residuals  become  distribu-ted  in  appro:HBately  He  same 
manner  as  shown  here.  If  His  is  He  case,  a  determination  of  He 
sine-curve  nymericaUy  and  according  to  He  method  of  least  squares 
Should  be  perfonted. 

For  He  judgment  if  the  standard  error  of  unit  weight  can 
be  recoded  as  an  eiqiression  for  irregular  errors,  a  normal  distri- 
butiOQ  test  of  the  residuals  is  suitable.  Such  a  test  is  shown 
in  Table  TOIL  and  Fig.  17.  The  results  of  He  test  show  -Hat  He 
residuals  are  noxmBdly  distributed  according  to  the  ohi^  criterion 
on  He  3  per  cent  level.  The  number  of  residuals  (33)  is,  however, 
too  small  for  a  completely  sstisfactory  test.  T^  results  confirm 
He  CHtral  lijdt  Hepren,  however,  concerning  He  normal  distribution. 
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Assuming  tile  glass  Scale  codpiiaates  to  te  of  ai^Osti^^ 
mately  the  Same  quality  as  the  cooscdinates  of  the  compairetor,  the 
standard  e^ror  of  each  of  these  sets  of  coordinates  can  he  ccetputed 
from  the  found  value  Sq  =  0.57  micron  ly  dividiag  this  hy  V'§or 

1.414 ^  We  then  find  the  value  0.4  micrsi  idilch  can  he  regarded  as 
a  good  estimati^  of  the  accuracy  of  tiie  coordinates  of  the  glass 
scale  and  of  the  coordinates  of  the  comparator.  M  the  mentioned 
value ;  the  ez^rs  of  the  operator  are  Included.  Rirther>  it  must 
he  ei^hasized  that  each  coordinate  uas  determined  as  the  average 
of  ten  settings  and  that  the  standard  error  of  unit  vei^t  refers  to 
this  method  of  measurements. 

The  results  are  of  peat  practical  interest  since  they 
shov  the  accuracy  that  can  he  obtained  in  using  the  actual  scales  and 
instruments  for  ahsolute  scale  determinatlna. 

The  observed  senes  from  the  tuo  operators,  A  and  B, 

■were  treated  seppately.  observed  data  were  averages  of  fl've 
Settings  each,  ^e  procedure  wts  identical  with  what  has  been  shown 
above.  From  the  results  show  in  Fig.  18,  l8a  and  l8b,  the  conclusion 
can  be  foimd  "that  there  may  be  a  systematic  error  of  penodlc  nature 
in  the  residuals.  The  agreement  between  the  residuals  from  the  two 
observers  is  stnklng  and  indicates  a  sine-shaped  fluctuation,  Wlch 
also  might  be  adJ^ISted.  The  residuals  are,  in  both  cases,  normally 
well  distributed  on  the  5  per  cent  level  aM  the  standard  errors  of 
unit  weight  are  about  0.5  snd  0.7  micixn,  .respectively.  Assuming 
the  acciiracy  of  the  comparator  a^  of  the  glass  scale  to  be  approx^ 
imately  the  same,  the  standard  error  of  unit  weipt  of  the  comparator 
becomes  of  the  order  of  magnitude  0.4  micron.  This  IS  a  very  good 
accuracy^  "iftiiGh  evidently  can  he  obtained. 

Another  set  of  measurements  in  a  conparator  of  a  glass 
scale  ws  obtained  from  Dr.  Markowitz,  u.  S.  Naval  Observatory,  and 
has  been  computed  in  a  similar  way  as  was  shown  above.  A  brief 
svqmiary  of  ^e  computations  and  the  results  will  be  given  here. 

A  17-em  scale  on  glass  was  measured  in  a  linear  ccoi- 
parator.  From  repeated  settings  in  each  line  the  precision  of  the 
measurements  could  be  determined  as  a  standard  deviation  of  one 
measurement  and  of  the  average  of  each  serlea  of  afttlngs , 

The  results  of  the  measurements  of  17  lines  are  Shown 
In  Table  XO.  Since  the  task  of  the  measurements  primely  was  to 
test  the  ruling  of  the  glass  scale,  the  results  of  the  measwements 
in  the  coi^paxator  are  regarded  as  given  data  and  the  nominal  values 
of  the  glass  scale  as  measured  data.  %e  errors  e  are  defined  as 
dx  =  measured  value  -  given  value.  Ih  the  table  also  the  coor* 
dilates  X  of  the  lines  are  shown,  as  determined  from  the  point  of 
gravity  at  the  scale. 
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TSie  folloving  confutations  are  made  directly  frooi  the  table. 

n  =  18  [dx]  =  <^12  dx  =  +0.67  microns 

[Mx]=  -6Z%  [XX]  =  1i8450  dm.  =  0.012900  mierons/im 

Cdxdx]^=  16.66  ^ 

,1.1.  ^__2 


[w]  =  1 

6.66  a  i 

®o  A 

1  0.66  ^ 

So 

NfF 

0.04  =  0.2  microzs 


Confidence  limits:  tadistribution,  confidence  level  5  per  c4nt: 

*  3.1  Sq  =  +  0.4  microns. 

Confidence  level  1  per  cent: 
t  2,9  Sq  ^  t  Q.6  microns. 

Hie  residuals  are  shoen  in  Figure  I9. 
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Svamagy;  !Sie  accyra^y  of  the  meaeu^'ements  is  very  high  and  indi- 
eatea  that  the  glass  scale  asd  the  coa|>arator  are  of  very  hi|^ 
fuality.  The  glass  scale  can  consequently  be  used  for  the  determin¬ 
ation  of  absolute  scales  of  other  eon^arators.  laching  orthogon¬ 
ality  can  be  Checked  wLth  the  aid  of  an  ordinary  grid,  thich  is 
neast^red  in  at  least  two,  but  preferably  4  different  positions  after 
rotation  tinrough  a  ri^t  angle  between  each  position. 


la.  practical  Tests  of  Some  Different 


in  Order  to  determine  li^e  standard  error  of  unit 
of  ima^  coordinate  ineasurements  for  the  establishment  of  tolerances, 
etc.,  but  also  for  practical  test  of  the  derived  formula 
a  ^rid  of  high  and  kaolin  accuxacy  has  been  measured  in 
different  stereocoorpaiators.  Ihe  glass  grid  used 


ordered  from  the  wild  Goinpary  in  Switzerland  and  was  delivered  with  the 
Coordinates  of  all  grid  intersections.  The  grid  division  is  in  units 
of  10  X  10  am. 

Check  measurements  of  the  grid  were  made  at  the  Division 


of  Phot ogransae try  of  the  Destitute  of  Technology  in  Stockholm,  Sweden. 
From  the  completely  independent  measuremients  and  coeiputations  (adjust¬ 
ments  of  coordinate  transformations),  the  standard  error  of  the  g^d 
coordinates  as  delivered  ty  the  Wild  Conqtany  iaS  found  to  be  about 
1  microsi.  This  is  a  very  high  accuracy,  and  Ihe  grid  can  be  regarded  to 
be  of  highest  possible  quality.  A  description  of  the  cheek  procedure 
was  given  in  the  paper;  lycken,  L.  B.  ,  Test  Measurements  Of  Grids, 

Int.  Archives  of  Photogrammetiy,  Vol.  XII,  Stockholm  1956,  Comm.  XI. 


The  grid  was  approsdmately  adjusted  in  one  of  the  image 
holders  of  the  comparator,  and  the  Coordiiiates  of  2?  points  were  first 
measured  and  recorded.  Electronic  recording  devices  were  used  in  all 
cases.  In  one  of  the  points,  a  great  number  of  repeated  settings  were 
made  in  order  to  detezmine  the  precision  of  the  coordinate  measure¬ 
ments.  Further,  in  some  cases,  a  number  of  additional  points  Were 
measured  for  statistical  tests  of  the  residuals  after  corrections  with 
respect  to  the  adjustment  in  the  2^  points. 

A  rather  detailed  description  of  one  of  the  ea^rlments  pezfoxmed 
will  be  ^ven  while  only  the  final  results  of  the  others  ure  presented. 


a.  Stereocomparator  I. 

(1)  The  Precisian  of  the  Cocgdlaate  MeaeuremeHts. 

Da  an  arbitraiy  point  of  tM  glttd  Mlre^atedrs'etttngs  were  mal^  and 
the  corresponding  x-  and  y-coordimtes  were  automatically  recorded. 

Ihe  averages  were  coeqiuted,  and  the  deviations  between  the  averages 
and  the  in^vidual  observations  were  detezmlned.  ^e  stf^adMd 
deviation  of  one  measurement  was  then  found  to  be  1  ndcron  for  x  and  y. 
The  precision  can  be  increased  through  using  repeated  settings  in 
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each  poiat  and  deteiMning  the  average  sinGe  the  standard  deviation 
of  the  average  deGreases  vita  tue  square  root  of  the  numher  of  ob¬ 
servations  *  It  is  evidently  an  economical  problem  how  many  obser- 
vatioas  should  be  made.  At  least  two  observations  and  preferably 
three  might  be  advisable  in  ease  of>  for  instance,  delivery  tests  of 
an  instrument,  in  the  actual  case,  ooly  ^e  setting  was  made  due 
to  the  limited  time,  it  ml^t  be  noted  at  this  point  that  the 
ir^ortance  of  the  standard  deviation  sometimes  is  overestimated  in 
■^e  determinatiMi  of  the  accuracy  of  an  iastrumeat.  Theoretically, 
it  would  be  possible  to  increase  the  precision  infinitely  ^ 
increasing  the  number  of  settings  but  the  accuracy  cannot  be  similarly 
increased. 


(2)  *nie  Accuracy  of  the  Ccaparator.  From  the 
measureaients  in  the  ^5  points,  an  adjuS'^nt  made  with  the  aid 
of  forms  1  and  4.  Hie  coo^arator  coordinates  were,  in  other  words, 
transformed  to  the  system  of  the  given  grid  coordinates  and  1^e 
elements  of  the  transformation  were  determined  under  the  conditions 
that  the  Sum  of  the  squares  of  the  residuals  is  a  minimum.  The 
results  of  the  coaputationst 


=  2.52  microns 


dy^  =1.72  microns 


=  0*0000192 
=  0.0000068 
=  -0.0003484  radians 
=-0.0000036  radians 
a  76  ndcrons^ 


s  =1.3  microns 
o 


There  is  a  gmaii  scale  error  found.  £n  the  x-direction,  '^e  quantity 
dm^  means  4.8  microns  for  240  mm,  and  in  the  y-direction  the  corres¬ 
ponding  dm  TO^s  1.3  microns.  Consequently,  the  affine  deformation 
is  to  be  ^  taken  in^’^  account  if  standard  errors  of  aWut  1  micron 
in  mapiitude  are  to  be  desired  in  the  results  of  coordinate  meas- 
urenients.  The  lacking  orthogonality  was  found  to  be  very  small  and 
can  be  neglected.  The  standard  error  of  unit  weight  (1.3  sd crons) 
indicates  a  very  good  quality  of  the  instrument.  It  should  be  noted 
l^t  the  grid  can  hardly  be  regarded  as  errorless  in  coDq>arlson  with 
the  standard  error  of  uidt  weight  obtained.  If  the  standard  ei^r 
of  the  pld  coordinates,  1  i^czon,  is  quadratically  subtracted  from 
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the  standasrd  error  of  iiait  yei^t,  there  remains  a  standard  error 
Of  the  Gos^parator  of  about  1  aiercm  also^  This  meajis  that  the 
standard  error  is  of  the  same  order  of  ina^itude  as  the  standard 
deviatim  of  the  coordinate  measureoents  and  that  the  instrinnent, 
consequently,  is  as  good  as  possible  after  corrections  for  the 

determined  regular  errors,  primarily  the  scale  errors.  It  also 
proves  that  the  acci^acy  of  a  campaxator  really  can  be  so  hi^  that 
the  standard  error  of  unit  uei^t  becomes  about  1  micron^ 

(3)  ^termination  and  statisticaUfests^  o,f^ the 
Residuaja  after  the  MjuStaaent.  It  iS  most  intnortaht  to  be  able 
to  check  therther  or  not  the  residual  ei^rs  or  correctLcns  after 
an  adjustment  are  normally  distributed.  For  such  purposes,  the 
individual  residuals  must  be  c^aputed.  ^e  residuals  axe  obtained 
from  the  working  correction  equatiodos  after  substitution  of  the  paras 
meters  from  the  normal  equations. 

In  this  case,  the  residuals  were  found  from  the 
following  egressions: 

=  2.5  *  0.00001^  +  o.ooo55by  s  ax 

\  =  1.7  -  o.ooooOTy  -  o.ooo5^*6x  s  dy 

Bence,  after  substitution  of  the  x*  and  yscoordixiates  and  the  corres* 
ponding  coordinate  errors,  the  individual  residuals  were  found.  For 
the  Statistical  test,  the  residuals  were  divided  into  class  intervals 
of  0.8  microns,  viz.,  to*3.8,  -3.6  to  s2.8,  ^2.8  to^.O,  -2.0  to 
■^1.2,  -1.3  tO-O.k,  -O.b  to+O.k,  40. U  to  41.2,  41.2  to+2.0,  42.0  tO 
2.8,  42.8  to  43.6,  43.6  to  44.4. 

Residuals  which  were  identical  with  the  class  limits 
were  distributed  with  ^  to  each  of  the  actuid  classes.  Ihe  test 
procedure  is  Shown  in  Table  3011. 
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The  probabi^l^  p  has  been  te^n  tvoa  The  result  is  hett^n 

a  table  of  t^e  nbanoal  diatxlbatiQh  0.71  cuod  9.49.  The  residxials 

function.  are  noirnally  distributed  on 

the  5  per  cent  level. 


nately  to  a  level  of  about 
6o  per  cent. 


A  histogram  and  the  corresponding  normal  distribution  curve  are  shown 
in  Fig,  20. 


(4)  Measurepents  and  Tasts  of  Additional  Grid 
Coordinates.  After 

reg^arly^ located  points  (Form  l.  Appendix),  36  points  were  measured 
along  the  diagonals  of  the  grid,  ^e  results  of  these  measurerents 


have  been  used  as  a  check  of  ^e  error  propagation  from  the  adjust* 
ment  of  the  original  measvurements  in  the  23  points. 


First,  the  measinred  grid  coordinates  were  translated 
to  the  same  system  as  the  original  23  points  before  the  adjusl^n^t. 
Corrections  and  residuads  were  then  computed  in  the  same  maimer  as 
was  shown  above.  An  inspection  of  the  residuals  proved  that  a  certain 


extant  error  was  present  in  l^e  x-residualS.  This  rosy  have  heea 
Gauged  hy  a  minor  vihration  of  the  instrument  ‘between  the  two  series 
of  measurements,  ^e  magnitude  of  the  oonstant  value  of  the  residuals 
was  2.5  miorons.  ^is  value  was  subtracted  from  all  x-residuals.  The 
y-residuals  showed  no  similar  tend^cy.  The  root  mean  Sfuare  values 
Of  the  residuals  were  found  to  be; 

^  X  =  1.8  mieron>  and  in  ya  I.9  micron. 

Next,  it  is  of  interest  to  test  if  these  results  agree 
theoretically  wi^  the  error  propagation  from  the  basic  measuri^nts 
according  to  the  laws  of  error  propagation  (See  under  section  llU 
above,  expression  (82)). 

For  a  =  50  mn,  we  find  the  root  mean  s^are  values  of  the 

standard  errors  Mq_  =  Mg  =  I.06  s  =1.4  micraa.  iSae  agreement  with 
X  y 

the  practically  determined  root  mean  square  values  1.3  and  I.9 
micron  is  not  very  good.  The  question  arises  as  to  whether  or  not 
the  differences  are  si^iificant.  If  they  are  sigaif leant,  the  errors 
of  the  residuals  in  additional  points  may  have  been  caused  by  other 
sources  of  errors  than  those  tdiich  caused  the  standard  error  of 
unit  weight.  Ih  such  cases>  the  chi-square  test  can  be  used.  Accords 
ing  to  well-lmown  procedures,  we  compute  the  confidence  limits  of  the 
Standard  error  for  two  confidence  levels  5  and  1  per  cent  and  for  44 
degrees  of  freedom.  The  number  of  observatiODS  is  50.  We  find  the 
following  confidence  limits: 

For  5-per  cent  confidence  level;  0.88  s^^-  1.35  Bq  or 

1.2  -  1.9  micron 

For  l^per  cent  confidence  level;  0.83  s^-  1.45  or 

1.2  -  2,0  micron 

Consequently,  the  upper  limits  are  reached  for  the  5-per  cent  level 
and  nearly  also  for  the  i-^per  cent  level.  The  relation  between 
theory  and  practice  can,  therefore,  be  accepted  although  with  some 
hesitatiem,  !^e  explanation  for  -^e  high  root  meim  square  values  from 
the  practical  tests  may  be  that  the  measurements  were  made  in  one 
long,  nearly  uninterrupted  series,  which  lasted  more  than  one  hour. 
Therefore,  the  resvdts  of  the  measurements  of  the  additional  points 
may  include  arrors  due  to  tiredness. 

The  residuals  in  the  additional  points  were  also  tested 
concerning  the  possible  normal  distribution,  ^is  test  was  perforned 
in  a  siidlar  manner  as  above  (gee  Table  30CCII) . 
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The  histogram  euad  nozmal  distribution  curve  are  show  in  Fig. 

n. 


b.  Stereocoiaparator  II.  in  a  similar  vay  as  has  been 
described  above  in  Section  IV  12a,  another  stereoconiparator  hss  been 
tested  by  measurements  in  the  grid.  Only  the  23  basic  points  were 
measured^  however,  but  the  coii^utatlons  were  varied  in  order  to  give 
a  more  complete  infoxsiation  on  the  distribution  of  the  errors. 

First,  the  adjiuclaient  of  the  measurements  in  all  23 
points  was  perfoxmed  and  the  following  resnlts  were  obtained. 


dx^  =  O.OU  microns 
p 

*0 

=  0.l6  microiDS  =  Sj. 

-  0 

dy^  =  ^.a4  micr^ 

% 

=  0.000004?  -  8 

®y 

dm,^  =  0.00Q0232 

Sa 

.  m 

toy  =  «o.oooo2ao 

da  1^8 

®o 

=  1.7  aderons 
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After  correcticai  for  the  staadard  error  of  the  grid  is  found 
8  =  lih  miGroaSi  The  residuals  vere  co^uted  in  all  points  and  were 
tested  conGeming  ■^e  statistiaai  distrihution.  ^e  noitnai  distrihuti^ 
^  found  in  both  cases  (x  and  y)  (Fig.  ^).  Of  course,  the  number 
of  residuals  is  coiaparatively  small  for  a  test  llhe  this.  For  a 
delivery  test,  for  instance,  a  great  number  of  additiGnal  points  should 
be  measanfed  taken  into  account.  A  graphical  presentation  of  the 
residuals  is  shom  in  Fig.  23. 

The  coordinate  transfoimation  and  adjustment  uas  also  made 
with  five  points  only,  ^e  points  were  located  in  the  comers 
and  in  the  center  of  the  grid.  After  the  transformaticm  and  adjust¬ 
ment,  the  residuals  were  computed  and  tested  for  nomal  distribution. 

The  histogram  of  residuals  in  x  and  y,  excapt  for  those  in  the 
transfomation  points  and  me  cogreeponding  nomai  distribution 
curve  are  showi  in  Fig.  ^,and  the  individvial  residuals  are  Shown 
graphically  in  Fig.  23. 

G.  Stereoconrparator  Hi.  It  was  found  that  the  original 
grid  could  not  be  used  in  this  comparator  sinee  the  format  of  the 
plateholders  was  somewhat  too  small.  Therefore,  a  contact  print 
on  glass  of  the  Original  grid  had  to  be  used  for  the  test  measurements 
in  mis  instrument.  The  contact  print  had  been  measured  in  one  of 
the  other  CoiQtarators  imnediateiy  after  the  meesvirements  of  the 
original  grid  in  the  same  comparstor.  Therefore,  the  accxiracy  of 
the  contact  print  could  be  estimated  from  these  measurements. 

In  Comparator  III,  23  points  were  measured  in  the  contact 
print  and  these  measurements  were  adjusted  with  respect  to  the 
measurements  in  the  same  points  in  the  other  comparator.  The  results 
of  these  computations  indicated  a  standard  error  of  unit  weight  of 
the  image  coordinate  measurements  in  Comparator  III  of  1.6  microns; 
i.e.,  the  smie  order  of  magnitude  as  was  found  in  Cos^axstors  I  emd  II. 

V.  SUMMARI  OF  TEE  FBA^lCAL  TESTS 

The  practical  tests  have  proved  that  the  developed  foxniuLa 
systems  work  correctly  and  that  they  are  simple  to  handle.  The 
results  of  the  practical  measurements  give  information  about  the 
accuracy  and  precision  Which  can  be  es^cted  from  Instrvments  which 
are  available  today  for  image  coordinate  measurements.  In  most 
eases,  regular  (correctable)  errors  have  been  found  in  the  Instru^^ 
ments.  In  some  cases,  further  adjustments  of  the  instrigsents  may 
be  possible.  It  may  well  be  discussed,  however,  how  far  such  an 
adjustment  should  be  made  mechanically.  An  adjustment  can  evidently 
never  be  made  free  from  errors,  and  the  If^t  corrections  must  be 
made  numezleally.  In  such  a  sitiiatlon,  the  order  of  magnitude  of  ^e 
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numerlGal  Go^rectionB  foay  be  of  less  iaportanGe  ajid,  Idierefore^  the 
actual  final  meGhanical  adjTustment  of  the  instruments  may  be 
negleGted.  fhe  standard  error  of  unit  weight  of  image  Goordinate 
measurements  in  modem  stereocomparators  after  adjustment  has  been 
found  to  be  Of  the  order  of  magnitude  of  1  to  1 . 5  miGrons  after 
GorreGtion  for  the  standard  error  of  the  grid  itself ^  The  standard 
error  of  the  Goordinate  measurements  in  eonnection  with  the  seaie 
determination  of  a  Goniparator  (meawsurements  along  a  line)  has  been 
found  to  be  of  the  order  of  magnitude  of  0^5  microns,  provided  that  at 
least  five  settings  in  each  point  are  made  and  that  the  average  of 
the  readings  is  used. 

From  these  basic  data,  GonfidenGe  limits  for  aH  functions  of 
the  basic  measurements  can  be  established  in  order  to  obtain  toler* 
ances.  For  such  a  work,  the  theory  of  confidence  limits  from  statistics 
has  to  be  applied  and  a  certain  level  has  to  be  chosen.  It  should  be 
eD5)hasi2ed,  ho\fever,  that  more  praGticai  measurements  in  comparators, 
using  grids  of  highest  possible  quality,  are  desired  in  order  to 
obtain  more  information  about  the  batsic  standard  error  of  unit  weight. 
Also  for  the  routine  tests  of  instrument  and  operators  in  connection 
with  practical  work,  the  derived  methods  and  formula  systems  can  be 
applied.  Well Refined  tolerances,  founded  upon  the  confidence  limit 
theory,  can  serve  as  indications  for  acceptance  or  rejection. 
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AffENiHX 


COMPUTATiaH  FORMS 


Form  1 


IComparator  Tests.  Detexmiimitioa  of  Coordinate  DlsorepSnGj 

.es. 
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Gdipamtor  Tests 

Pofm  3 


Mjust&ent  of  Sla^e  Grid  Measurements^  9  Points 


da  =N94.H93  = 
lan 


39 


Compactor  Tasts 


Form  U 


Mjustment  of 
laBtrument :  Date : 


a  = 


mm 


Computed  by:  Date: 


25  Points i 

A  51‘  •  • 

I  4l  •  •  • 


ha 


a  • 


meas.  given  mean.  •'given 


21 

U 


•  • 


•  • 


12  13  1^  15 


Cgi^retdf  Tests 

A^uftinent  of  forisr  Sets  of  MeaeureinexitS^  9  Points 
foxn  for  the  Gofipitaticm  of  the  Factors  T^q 


FOim  5 


Grid  Position  UI 


Grid  Position  UII 


I 

I 

I 

Coz^afator  Tests 

Adjiasmeat  of  Povir  Sets  of  Measurements.  9  points 
Foim  for  the  Gompitation  of  the  Factors  Tj^  -  t^q 

Form  6 


Grid  position  UIII 


CcMBfeurator  feists  Foia  7 

Summafy  of  the  Adjustmeiit  of  Four  Sets  of  Measureinents .  9  Points  > 

U^posltlon 

Copiputations  of  the  f^tesas  froin  fpnaS  g^aad^jS; 
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Computations  of  the  Final  Results; 
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